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Introdution
This Ph.D. thesis pursues two goals: The study of the geometrial stru-
ture of two-dimensional quantum gravity and in partiular its fratal nature.
To address these questions we review the ontinuum formalism of quantum
gravity with speial fous on the saling properties of the theory. We dis-
uss several onepts of fratal dimensions whih haraterize the extrinsi
and intrinsi geometry of quantum gravity. This work is partly based on
work done in ollaboration with Jan Ambjrn, Dimitrij Boulatov, Jakob L.
Nielsen and Yoshiyuki Watabiki [1℄.
The other goal is the disussion of the disretization of quantum gravity
and to address the so alled quantum failure of Regge alulus. We review
dynamial triangulations and show that it agrees with the ontinuum theory
in two dimensions. Then we disuss Regge alulus and prove that a ontin-
uum limit annot be taken in a sensible way and that it does not reprodue
ontinuum results. This work is partly based on work done in ollaboration
with Jan Ambjrn, Jakob L. Nielsen and George Savvidy [2℄.
In hapter 1 we introdue the main ingredients for the formulation of
two-dimensional quantum gravity as an Eulidean funtional integral over
geometries. It ontains a brief reminder of Liouville theory and the tehnial
issues in the ontinuum formalism. We use these tehniques to disuss the
extrinsi and intrinsi Hausdor dimension and the spetral dimension of
two-dimensional quantum gravity.
Chapter 2 is a review of dynamial triangulation in two dimensions.
We begin with an introdution of the main ideas of how to disretize two-
dimensional quantum geometries. The saling properties are illustrated by
means of the two-point funtion of pure gravity and of branhed polymers.
In hapter 3 we disuss quantum Regge alulus whih has been suggested
as an alternative method to disretize quantum geometries. We prove by a
simple saling argument that a sensible ontinuum limit of this theory annot
be taken and that it disagrees with ontinuum results.
1
Chapter 1
Two-dimensional quantum gravity
Eulidean quantum gravity is an attempt to quantize general relativity based
on Feynman's funtional integral and on the Einstein-Hilbert ation prini-
ple. One integrates over all Riemannian metris on a d-dimensional manifold
M. It is based on the hope that one an reover the Lorentzian signature af-
ter performing the integration analogously to the Wik rotation in Eulidean
quantum eld theory. For a general disussion of further problems and for
motivation of a theory of quantum gravity we refer to [3, 4, 5℄.
General relativity is a reparametrization invariant theory whih an be
formulated with no referene to oordinates at all. This dieomorphism
invariane is a entral issue in the quantum theory. Its importane is most
apparent in two dimensions, sine the Einstein-Hilbert ation is trivial and
onsists only of a topologial term and the osmologial onstant oupled
to the volume of the spaetime. All the non-trivial dynamis of the two-
dimensional theory of quantum gravity thus ome from gauge xing the
dieomorphismswhile keeping the geometry exatly xed. This is the famous
representation of the funtional integral over geometries as a Liouville eld
theory by Polyakov [6℄. Based on this formulation the saling exponents an
be obtained [7, 8, 9℄.
Any theory of quantum gravity must aim at answering questions about
the geometrial struture of quantum spaetime. The interplay between
matter and geometry is well known from general relativity. The quantum
average over all geometries hanges the dynamis of this interation. It turns
out that the quantum spaetime has a fratal nature and even its dimension
is a dynamial quantity. The haraterization of the fratal nature of the
quantum spaetime in two-dimensional quantum gravity is one of the entral
themes of this work.
In setion 1.1 the main onepts in the ontinuum formalism are intro-
2
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dued. In the following setion we review tehnial details about the fator-
ization of the dieomorphisms from the funtional integral. In setion 1.3 we
introdue fratal dimensions to haraterize the fratal nature of quantum
spaetime. That setion, and in partiular setion 1.3.2 are partly based on
work presented in [1, 10℄.
Reviews about the ontinuum approah to two-dimensional quantum
gravity an be found in [11℄ and the referenes therein. For an introdu-
tion to onformal eld theory see [12, 13, 14℄.
1.1 Saling in quantum gravity
In this setion we introdue the basi onepts in two-dimensional quantum
gravity. We begin with the partition funtion and the Hartle-Hawking wave-
funtionals. The most natural objet to address questions about the saling
behaviour of the theory is the geodesi two-point funtion. We disuss its
saling behaviour in detail and introdue the onept of the intrinsi fratal
dimension whih illustrates the fratal nature of the intrinsi geometry of
the two-dimensional quantum spae-time.
1.1.1 Partition funtion
LetM be a two-dimensional, losed, ompat, onneted, orientable manifold
of genus h. Then the partition funtion for two-dimensional quantum gravity
an formally be written as the funtional integral
Z(G,Λ) =
∑
h≥0
∫
D[gµν] e−SEH(g;G,Λ)
∫
DgX e−Smatter(g,X). (1.1)
Here
S
EH
(g;G,Λ) = Λ
∫
M
d2ξ
√
g−
1
4πG
∫
M
d2ξ
√
g R(ξ) (1.2)
is the lassial reparametrization invariant Einstein-Hilbert ation [15, 16℄
with the gravitational oupling onstant G, the osmologial onstant Λ and
the urvature salar R. Aording to the Gauss{Bonnet theorem, the last
term in (1.2) is a topologial invariant, alled the Euler harateristi χ of
M:
χ(h) =
1
4π
∫
M
d2ξ
√
g R(ξ) = 2− 2h, (1.3)
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while the rst term is the volume Vg of M equipped with the metri gµν:
Vg =
∫
M
d2ξ
√
g. (1.4)
Therefore, (1.1) an be rewritten as
Z(G,Λ) =
∑
h≥0
e
χ(h)
G Z(Λ), (1.5)
where Z(Λ) is dened as
Z(Λ) =
∫
D[gµν] e−S(g,Λ)
∫
DgX e−Smatter(g,X), (1.6)
with S(g,Λ) = ΛVg.
S
matter
(g, X) in (1.1) denotes any reparametrization invariant ation for
onformal matter elds X with entral harge D oupled to gravity. A typial
example is the oupling of D free salar matter elds X1, . . . , XD to gravity.
In this ase
S
matter
(g, X) =
1
8π
∫
M
d2ξ
√
g gµν∂µX
a∂νX
a, (1.7)
whih is dieomorphism invariant and invariant under Weyl resalings of the
metri:
S
matter
(eφg, X) = S
matter
(g, X). (1.8)
Note that (1.7) an also be interpreted as an embedding of M in a D-
dimensional Eulidean spae, thus leading to an interpretation of (1.1) as
bosoni string theory in D dimensions [6℄.
The funtional integration
∫D[gµν] in (1.1) is an integration over all ge-
ometries, that means all dieomorphism lasses [gµν] of metris gµν on the
manifold M. This is often denoted formally as∫ Dgµν
Vol(Di)
, (1.9)
where Vol(Di) is the volume of the group of dieomorphisms on M. Sine
this group is not ompat the quotient (1.9) does not make sense beyond a
formal level. We will derive expressions for the measures Dgµν, D[gµν] and
DgX in setion 1.2.
In (1.1) the sum goes over all topologies of two-dimensional manifolds,
that means over all genera h. It is presently unknown how to dene suh a
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sum over topologies dierent from a perturbative expansion in h. It omes
as a bitter aspet of the theory that we only know how to perform the
funtional integration in (1.1) for a given manifold and thus only for a given
xed topology, while a summation over topologies has to be performed by
hand. In four dimensions it is known that the topologies even annot be
lassied. Therefore the role of topologial utuations is still unlear in two
and in higher dimensions. In the remainder of this work we will always x
the topology and thereby disregard the sum over the genera in (1.1).
Sometimes it is useful to dene the partition funtion in an ensemble of
universes with xed volume V:
Z(V) =
∫
D[gµν] δ(V − Vg)
∫
DgX e−Smatter(g,X)
≡
∫
D[gµν]V
∫
DgX e−Smatter(g,X). (1.10)
Z(Λ) is the Laplae transform of Z(V) 1, that means:
Z(Λ) =
∫∞
0
dV e−ΛVZ(V), (1.11)
Z(V) =
∫σ+i∞
σ−i∞
dΛ
2πi
eΛVZ(Λ), (1.12)
where σ is a real onstant whih exeeds the real part of all the singular-
ities of Z(Λ). Formula (1.10) shows that although the ation of pure two-
dimensional quantum gravity is trivial and does not ontain any propagating
degrees of freedom, quantum gravity in two dimensions is a true quantum
problem, sine eah equivalene lass of metris is ounted one with the
same weight. That means that there is no lassial spaetime around whih
we expand and the theory is as \quantum-like" as it an get. Therefore
it might ontain important information about quantum gravity in higher
dimensions.
As we show in setion 1.2 Z(V) sales as
Z(V) ∝ Vγ−3, or Z(Λ) ∝ Λ2−γ, (1.13)
whih denes a saling exponent γ that depends on the matter oupled to
gravity and on the topology of the universe. The omputation of γ gives the
result [7, 8, 9℄
γ = 2+
1− h
12
(
D− 25−
√
(25−D)(1−D)
)
. (1.14)
1
That is also the reason why we denote both with the same symbol and distinguish
between them by the names of their arguments.
6 CHAPTER 1. TWO-DIMENSIONAL QUANTUM GRAVITY
This formula is often alled KPZ-formula. For pure gravity (D = 0) γ equals
−1/2, for the Ising model oupled to gravity (D = 1/2) we have γ = −1/3
and at D = 1, γ equals 0 for spherial topology. Clearly this formula breaks
down for onformal harges D > 1, where γ assumes omplex values. This
has sometimes been alled the D = 1 barrier. There is now some evidene
for the fat that two-dimensional quantum gravity oupled to matter with
entral harge D > 1 is in a branhed polymer phase [17, 18℄ in whih the
surfaes ollapse to tree-like objets.
The expetation value of some observable O(g, X) is dened as
〈O(g, X)〉Λ =
1
Z(Λ)
∫
D[gµν] e−ΛVg
∫
DgX e−Smatter(g,X)O(g, X), (1.15)
or for xed volume V as
〈O(g, X)〉V =
1
Z(V)
∫
D[gµν]V
∫
DgX e−Smatter(g,X)O(g, X). (1.16)
1.1.2 Hartle-Hawking wavefuntionals
Let us in the remainder of this setion ignore the oupling of possible matter
elds to quantum gravity. The denitions below an easily be expanded to
the general ase. Furthermore we onentrate on spherial topology only.
Again the generalization is straightforward.
Typial observables in two-dimensional quantum gravity are loop am-
plitudes, that means amplitudes for one-dimensional universes. Let M be
topologially equivalent to a sphere with b holes. The indued gravity on
the boundary is overed by the modied ation
S(g,Λ, Z1, . . . , Zb) = ΛVg +
b∑
i=1
ZiLg,i, (1.17)
where Lg,i denotes the length of the i'th boundary omponent in the metri
gµν. In this ase the partition funtion is given by
W(Λ,Z1, . . . , Zb) =
∫
D[gµν] e−S(g,Λ,Z1,...,Zb). (1.18)
This an also be interpreted as the amplitude for b one-dimensional universes
of arbitrary lengths. Sine the lengths of the boundary omponents are
invariant under dieomorphisms it makes sense to x them to presribed
values L1, . . . , Lb. This yields the denition of the Hartle-Hawking wave
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funtionals [19℄:
W(Λ, L1, . . . , Lb) =
∫
D[gµν] e−S(g,Λ)
b∏
i=1
δ(Li− Lg,i). (1.19)
We note that (1.18) is the Laplae transform of (1.19), that means:
W(Λ,Z1, . . . , Zb) =
∫∞
0
b∏
i=1
dLie
−ZiLi W(Λ, L1, . . . , Lb). (1.20)
In the ensemble of universes with xed volume V the wave funtionals are
given by:
W(V, L1, . . . , Lb) =
∫
D[gµν] δ(V − Vg)
b∏
i=1
δ(Li− Lg,i). (1.21)
The osmologial onstant Λ and the volume V are onjugate variables, that
means:
W(Λ, L1, . . . , Lb) =
∫∞
0
dV e−ΛVW(V, L1, . . . , Lb). (1.22)
In the ase b = 0 one reovers the partition funtions (1.6) and (1.10).
1.1.3 The two-point funtion
To dene reparametrization invariant orrelation funtions let dg(ξ, ξ
′) be
the geodesi distane between two points ξ and ξ ′ with respet to the metri
gµν. Then the invariant two-point funtion is dened as
G(Λ, R) =
∫
D[gµν] e−S(g,Λ)
∫
M
d2ξ
√
g(ξ)
∫
M
d2ξ ′
√
g(ξ ′) δ(R− dg(ξ, ξ ′)).
(1.23)
G(Λ, R) an also be interpreted as the partition funtion for universes with
two marked points separated by a geodesi distane R. The integrated two-
point funtion, alled the suseptibility χ has the following behaviour:
χ(Λ) =
∫∞
0
dR G(Λ, R) =
∂2Z(Λ)
∂Λ2
∼ Λ−γ. (1.24)
Therefore γ is often alled the suseptibility exponent. Yet another hara-
terization of the exponent γ from the branhing ratio of the two-dimensional
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universes will be explained in hapter 2. For xed volume of spaetime the
denition of the two-point funtion is
G(V, R) =
∫
D[gµν]V
∫
M
d2ξ
√
g(ξ)
∫
M
d2ξ ′
√
g(ξ ′) δ(R− dg(ξ, ξ ′)), (1.25)
whih is related to formula (1.23) via
G(Λ, R) =
∫∞
0
dV e−ΛVG(V, R). (1.26)
Similar to (1.23) a whole set of invariant orrelation funtions whih depend
on the geodesi distane an be dened by multiplying the loal measures
d2ξ
√
g(ξ) and d2ξ ′
√
g(ξ ′) by powers of the invariant urvature salars R(ξ)
and R(ξ ′).
Note that by (1.23) or (1.25) the onept of geodesi distane beomes
meaningful even in quantum gravity. The two-point funtion an be inter-
preted as the partition funtion of the ensemble of universes whih have two
marked points separated by a geodesi distane R. Both, its short distane
behaviour and its long distane behaviour reveal the fratal struture of the
most important metris that ontribute to the funtional integral (1.1).
An important property of the two-point funtion (1.23) is the inequality
G(Λ, R1+ R2) ≥ onst×G(Λ, R1) G(Λ, R2), (1.27)
whih follows from a simple gluing argument whih is explained in hapter 2.
Up to a onstant, (1.27) is equivalent to the subadditivity of − logG(Λ, R),
from whih the existene of the limit
lim
R→∞
− logG(Λ, R)
R
= M(Λ) (1.28)
follows from general arguments (see for example [20℄). Furthermore one an
dedue that M(Λ) is an inreasing funtion of Λ and M(Λ) > 0 for Λ > 0.
At this stage one annot prove that M(Λ) sales to zero as Λ goes to zero.
However let us assume that this is the ase and verify it later by an expliit
alulation of the two-point funtion in setion 2.3:
M(Λ) = c Λν, (1.29)
with a dimensionless onstant c. That means that for large R≫M(Λ)−1 the
two point funtion falls o exponentially with a subleading orretion:
G(Λ, R) ∼ Λν−γ e−cΛ
νR, for R≫ 1
M(Λ)
. (1.30)
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The power orretion an be found by applying dimensional arguments to
(1.24). We onlude that the average volume of two-dimensional universes
with two marked points separated by a geodesi distane R is proportional
to R if R is large enough:
〈V〉R ≡ −
∂ logG(Λ, R)
∂Λ
∼
R≫M(Λ)−1
Λν−1R. (1.31)
That means, for large R typial universes have the shape of long thin tubes.
On the other hand, for R ∼ Λ−ν the exponential deay turns over into some
power law and we get
〈V〉R ∼ R
1
ν , for R ∼ Λ−ν, (1.32)
by inserting into (1.31). Per denition, the exponent of R in this equation
equals the (grand anonial) intrinsi Hausdor dimension dH =
1
ν
.
The large R behaviour of G(V, R) an be omputed from (1.30) by a saddle-
point alulation. The result up to power orretions is:
G(V, R) ∼ e−~c(
R
Vν )
1
1−ν
, for
R
Vν
≫ 1, (1.33)
where ~c = 1−ν
ν
(νc)
1
1−ν
.
Another onept of fratal dimension an be applied in the ensemble of
surfaes with xed volume V for small distanes R. Let us dene with
l(g, R) =
1
Vg
∫
M
d2ξ
√
g(ξ)
∫
M
d2ξ ′
√
g(ξ ′) δ(R− dg(ξ, ξ ′)) (1.34)
the average length of boundaries on a manifold M with the metri gµν,
whih have a geodesi distane R from a marked point. Then l(g, R)dR is
the average volume of a spherial shell of radius R and thikness dR. The
quantum expetation value in the ensemble of universes with xed volume
is given by
〈l(g, R)〉V =
1
Z(V)
∫
D[gµν]V l(g, R) = G(V, R)
VZ(V)
. (1.35)
Now we onlude from ∫∞
0
dR 〈l(g, R)〉V = V (1.36)
that
dim[V] = dim[R] + dim[〈l(g, R)〉V]. (1.37)
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Thus 〈l(g, R)〉V has the saling behaviour
〈l(g, R)〉V = V1−ν F
(
R
Vν
)
, (1.38)
where F(x) is a funtion whih falls o exponentially for large x, see (1.33).
The (anonial) intrinsi Hausdor dimension dh is now dened by the sal-
ing of 〈l(g, R)〉V ∼ Rdh−1 for small R. To be preise we expand (1.38) around
R = 0 and get:
〈l(g, R)〉V ∼ V1−νdh Rdh−1, for R≪ V
1
dh . (1.39)
For smooth d-dimensional manifolds we have dH = dh = d. If 〈l(g, R)〉V
stays nonzero and nite for V →∞ we have
νdh = 1, that means dH = dh. (1.40)
This requirement is alled the smooth fratal ondition. It means that the
average irumferene of irles with a small geodesi radius R does not
depend on the global volume of the universe. However it is well known that
the smooth fratal ondition is not fullled for the model of multiritial
branhed polymers [21℄, ompare setion 2.1.4. Therefore its validity is non-
trivial and should not be taken for granted unritially. It turns out that
in two-dimensional quantum gravity the smooth fratal ondition is fullled.
That means that there is only one fratal dimension for short and for long
distanes together.
For pure gravity, in the ase of spherial topology, the two-point funtion
G(Λ, R) an be alulated exatly with a transfer-matrix method [22℄ or
alternatively by a peeling method [23℄. The result
G(Λ, R) ∝ Λ3/4 osh cΛ
1/4R
sinh
3 cΛ1/4R
(1.41)
fullls the standard saling relations, but with non-standard exponents.
G(Λ, R) falls o as e−2cΛ
1/4R
, from whih we read o ν = 1/4, so that the
Hausdor dimension of pure two-dimensional quantum gravity equals four.
Another saling exponent, though not independent of γ and ν, an be
dened by:
G(Λ, R) ∼ R1−η, for 1≪ R≪ Λ−ν. (1.42)
η is alled the anomalous saling dimension. By expanding (1.41) for small
R we get
G(Λ, R) =
1
R3
−
1
15
ΛR+O(R3), (1.43)
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and thus η = 4. This is a notable result, sine in ordinary statistial systems
η is always smaller than 2.
The so-alled Fisher saling relation
γ = ν(2− η) (1.44)
relates the exponents dened above. It an be derived by applying dimen-
sional arguments to (1.24).
1.2 Liouville theory: A brief reminder
A entral problem in the ontinuum approah to two-dimensional quantum
gravity is posed by the dieomorphism invariane of the theory. It is om-
paratively easy [24℄ to derive an expression for the formal integration Dgµν
sine one an dene a natural salar produt on the otangent spae to the
spae of all metris whih denes a volume form in the same way as in nite
dimensional Riemannian geometry.
However, sine the measure and the ation are dieomorphism invariant,
these expressions are ill-dened. Therefore a gauge xing and the fator-
ization of the dieomorphisms from the measure is required. This has been
performed in [6℄ where the funtional integration over geometries is expressed
as a Liouville eld theory. This theory has been developed and explained in
[25, 26℄. The measure for the Liouville mode is very ompliated. Therefore
two-dimensional quantum gravity has stritly speaking not been solved yet
in the ontinuum approah.
However, the ritial saling exponents ould be obtained in the light-one
gauge [7℄ and later in the onformal gauge by onsistent saling assumptions
[8, 9℄.
1.2.1 Funtional measures
Let R(M) be the spae of all positive denite Riemannian metris on a d-
dimensional manifold M and let TgR(M) be its otangent spae at a point
gµν ∈ R(M).
To dene the funtional measure Dgµν one makes use of the fat, that the
otangent spae TgR(M) an be naturally equipped with a dieomorphism
invariant salar produt 〈·, ·〉T. This is used to dene a measure Dgδgµν on
TgR(M) whih desends to a measure on R(M). The line element ds
2
for
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utuations δgµν ∈ TgR(M) of the metri an be written as
ds2 = 〈δg, δg〉T ≡
∫
M
ddξ
√
g δgµνG
µν,αβδgαβ, (1.45)
with the DeWitt (super)metri [27℄
Gµν,αβ =
1
2
(gµαgνβ+ gµβgνα + Cgµνgαβ). (1.46)
Up to an overall normalization onstant, (1.45) is the only dieomorphism
invariant, ultraloal, that means dynamially neutral distane on TgR(M).
The onstant C in (1.46) takes the value −2 in anonial quantum gravity
[27℄. In our framework C annot be omputed. The hoie of C determines
the signature of the metri 〈·, ·〉T as an be seen by splitting the utuation
δgµν into its trae part gµνδc and its traefree part δhµν. This deomposition
is orthogonal with respet to 〈·, ·〉T. On the traefree subspae Gµν,αβ has
eigenvalue 1, while it has eigenvalue 1 + Cd
2
on the trae setor. Thus, the
DeWitt metri is positive denite for C > − 2
d
and negative denite for
C < − 2
d
. For C = − 2
d
, Gµν,αβ is the orthogonal projetion on the traefree
part of δgµν. The inverse of the DeWitt metri, whih satises
Gµν,αβG
αβ,ρσ =
1
2
(
δρµδ
σ
ν+ δ
σ
µδ
ρ
ν
)
, (1.47)
is given by
Gµν,αβ =
1
2
(
gµαgνβ+ gµβgνα−
C
1+ Cd
2
gµνgαβ
)
, (1.48)
as an be veried by multipliation with (1.46).
The line element (1.45) an be rewritten as
ds2 =
∫
M
ddξ
∫
M
ddξ ′
∑
µ≤ν
∑
α≤β
δgµν(ξ)Ω
µν,αβ(ξ, ξ ′)δgαβ(ξ ′), (1.49)
withΩµν,αβ(ξ, ξ ′) =
√
g(ξ) Γµν,αβ(ξ) δ(ξ−ξ ′), and the d(d+1)
2
× d(d+1)
2
matrix
Γµν,αβ(ξ) is dened as
Γµν,αβ(ξ) =


4Gµν,αβ(ξ), if µ < ν and α < β,
2Gµν,αβ(ξ), if µ < ν and α = β, or µ = ν and α < β,
Gµν,αβ(ξ), if µ = ν and α = β.
(1.50)
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This indues a volume form Dδgµν on the otangent spae, whih desends
to a volume form Dgµν on R(M):
Dδgµν =
√
detΩµν,αβ(ξ, ξ ′)
∏
ξ∈M, µ≤ν
dδgµν(ξ), (1.51)
Dgµν =
√
detΩµν,αβ(ξ, ξ ′)
∏
ξ∈M, µ≤ν
dgµν(ξ). (1.52)
We rst note that due to the δ-funtion the determinant of Ωµν,αβ(ξ, ξ ′)
fatorizes into a produt over all spaetime points ξ ∈ M. The loal deter-
minant of the
d(d+1)
2
× d(d+1)
2
matrix
√
g(ξ) Γµν,αβ(ξ) an be evaluated by
variation with respet to δ logg = −gµνδgµν:
δ log det
(√
g Γµν,αβ
)
= Tr δ log
(
Γµν,αβ
)
+ Tr δ log
(√
g 1µν,αβ
)
= Gµν,αβδG
αβ,µν+
d(d + 1)
4
δ logg
=
1
4
(d+ 1)(d− 4) δ logg, (1.53)
where it has been used that the inverse of Γµν,αβ equals Gµν,αβ restrited to
all indies with µ ≤ ν and α ≤ β. Therefore it follows that
det
(√
g Γµν,αβ
)
= κg
(d+1)(d−4)
4 , (1.54)
where the onstant κ an be determined by speializing to gµν = δµν, whih
gives κ =
(
1+ Cd
2
)
/2
d(d−1)
2
. Thus the measures (1.51) and (1.52) equal
Dδgµν = onst×
∏
ξ∈M
∏
µ≤ν
g(ξ)
d−4
4d dδgµν(ξ), (1.55)
Dgµν = onst×
∏
ξ∈M
∏
µ≤ν
g(ξ)
d−4
4d dgµν(ξ), (1.56)
whih we normalize suh that∫
Dδgµν e−12 〈δg,δg〉T = 1. (1.57)
Note that σ = d−4
4d
is the only exponent of g(ξ) in (1.55) or (1.56) suh that
these measures are dieomorphism invariant. With the measure∏
ξ∈M
∏
µ≤ν
g(ξ)σdδgµν(ξ), (1.58)
the Gaussian integral (1.57) is resolved by omputing the determinant of
g(ξ)
1
2
−2σΓµν,αβ. This an be done along the lines of (1.53). The result is
det
(
g(ξ)
1
2
−2σΓµν,αβ
)
= onst× g(ξ) (d+1)((1−4σ)d−4)4 , (1.59)
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whih is a dieomorphism invariant onstant if and only if σ = d−4
4d
. The
same result an be derived more rigorously by using the BRS-symmetry
assoiated with general oordinate transformations [28, 29℄.
Analogously, the measures for salar and vetor elds an be derived.
The orresponding metris 〈·, ·〉S and 〈·, ·〉V are dened as
〈φ,φ〉S =
∫
M
ddξ
√
g φ(ξ)φ(ξ), (1.60)
〈ψ,ψ〉V =
∫
M
ddξ
√
g ψµ(ξ)g
µνψν(ξ). (1.61)
The measures Dgφ and Dgψµ turn out as:
Dgφ =
∏
ξ∈M
g(ξ)
1
4dφ(ξ), (1.62)
Dgψµ =
∏
ξ∈M
d∏
µ=1
g(ξ)
d−2
4d dψµ(ξ). (1.63)
1.2.2 Fatorization of the dieomorphisms
By onstrution, the funtional measure and the ation in (1.1) and (1.10)
are invariant under dieomorphisms. Therefore, the measure overounts
physially equivalent ongurations related by the group of dieomorphisms.
To avoid this overounting of gauge equivalent metris, the dieomorphisms
have to be fatored from the measure. In two dimensions, this an be done
in a ovariant way in the onformal gauge.
Let us rst reall that the spae of metris onM modulo dieomorphisms
and Weyl transformations is a nite dimensional ompat spae, alled the
moduli spae M of M, whih has dimension 0, 2 and 6h − 6 for genus 0, 1
and h ≥ 2 respetively. It is parametrized by the Teihmuller parameters
τ = (τ1, . . . , τN). That means that if for eah moduli τ ∈ M we hoose a
xed bakground metri g^µν(τ), all other metris gµν are ontained in the
orbits under dieomorphisms and Weyl transformations:
gµν = f
⋆
(
eφg^µν(τ)
)
, (1.64)
where f⋆ denotes the ation of the dieomorphism f : M → M. (Atually
the bakground metris g^µν an be hosen suh that they all have onstant
urvature.)
Any innitesimal hange δgµν in the metri an be deomposed into an
innitesimal Weyl transformation δφ, the eet of an innitesimal dieo-
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morphism ξ and the eet of varying the Teihmuller parameters:
δgµν = f
⋆δφ gµν+ (∇µξν+∇νξµ) + ∂gµν
∂τi
δτi. (1.65)
Here ∇µ denotes the ovariant derivative. We want to orthogonalize this
deomposition with respet to the salar produt 〈·, ·〉T. First note that the
traefree part of the eet of the dieomorphism ξ is given by the onformal
Killing form
(Pξ)µν = ∇µξν+∇νξµ − gµν∇αξα, (1.66)
whih maps vetor elds into traeless symmetri tensors. The zero modes
of P are alled onformal Killing vetors. For spherial topology there are
six linearly independent onformal Killing vetors, for torus topology there
are two while there are none for higher genus. The onformal Killing vetors
are important beause they indue a variation δgµν in the diretion of gµν
whih an thus be ompensated by a Weyl resaling. In other words, the
deomposition (1.65) is in general not unique. To make it unique one hooses
a dieomorphism
~ξ ∈ (kerP)⊥ orthogonal to the zero modes of P. That
means the gauge will only be xed up to the onformal Killing vetors and
we expet a remaining, at most six-dimensional symmetry in the gauge-xed
expressions. It follows that all variations δgµν ∈ TgR(M) of the metri an be
uniquely deomposed into the variation of the onformal fator, the ation
of a dieomorphism orthogonal to the onformal Killing vetors and the
variation of the Teihmuller parameters. This deomposition an be written
as a mutually orthogonal sum of a trae part, a traefree part orthogonal to
the moduli deformations and these moduli deformations:
δgµν = {~f
⋆δφ+∇α~ξα+ 1
2
gαβ
∂gαβ
∂τi
δτi}gµν+ {P~ξ+ P(P
+P)−1P+kiµνδτi}
+
(
1− P(P+P)−1P+
)
kiµνδτi, (1.67)
where
kiµν =
∂gµν
∂τi
−
1
2
gµνg
αβ∂gαβ
∂τi
. (1.68)
The adjoint P+ of P is dened by the relation 〈h, Pξ〉T = 〈P+h, ξ〉V. To prove
that the deomposition (1.67) is orthogonal just note that 1−P(P+P)−1P+ is
the projetor on the zero modes ψl of P
+
. The traefree part is orthogonal
to the trae part by denition of the salar produt 〈·, ·〉T.
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The hange of variables gµν→ (φ, ~f, τ) involves a Jaobian J(φ, τ):∫
D[gµν] F(g) =
∫
Df
∫D~f
DfDeφ g^φdτ J(φ, τ) F(e
φg^(τ)). (1.69)
Here one integrates some reparametrization invariant funtional F . To nd
J one substitutes the orthogonal deomposition (1.67) into the normalization
ondition
1 =
∫
Dδgµν e−12 〈δg,δg〉T (1.70)
and performs the hange of variables on the tangent spae. The result of
these Gaussian integrations is
1 = J(φ, τ)
[
det 〈ψk, ψl〉T
det
′(P+P)
] 1
2
[
det
〈
ψm,
∂g
∂τn
〉
T
]−1
. (1.71)
At last, the hange from the dieomorphisms f to ~f and the onformal Killing
vetors ωa, whih fulll P(e
φωa) = 0, has to be omputed. The nal result
is ∫
D[gµν] F(g) =
∫
Dfµ
∫
dτ
v(τ)
det
〈
ψm,
∂g
∂τn
〉
T
×
∫
Deφg^φ
[
det
′(P+P)
det 〈ψk, ψl〉T det 〈ωa, ωb〉V
] 1
2
F(eφg^(τ)), (1.72)
where v(τ) is the volume of the group generated by the onformal Killing
vetors. Now the dieomorphisms an be fatored out. Sine it turns out
that
dτ
v(τ)
det
〈
ψm,
∂g
∂τn
〉
T
depends only on the Teihmuller parameters and
not on φ we denote this as Dτ. The square root is alled the Faddeev-Popov
determinant and denoted as Z
FP
(eφg^).
1.2.3 Gravitational dressing of saling exponents
After fatoring the dieomorphisms from the measure the gauge-xed ex-
pression for the partition funtion (1.10) is:
Z(V) =
∫
Dτ
∫
Deφg^φ δ(V − Veφ g^) ZFP(eφg^)Zmat(eφg^), (1.73)
where Z
mat
is dened as:
Z
mat
(eφg^) =
∫
Deφ g^X e−Smatter(eφg^,X), (1.74)
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with some matter ation for matter with entral harge D. The measure for
the Liouville mode φ is dened by the line element
d2s = 〈δφ, δφ〉S =
∫
M
d2ξ
√
g^ eφ δφ(ξ)δφ(ξ), (1.75)
whih depends on φ itself. Therefore the orresponding measure Deφg^φ is
very ompliated and it is unknown how to perform the funtional integration
over φ with this measure. The idea used to overome these problems is to go
over to the translational invariant measure Dg^φ and to shift all dependene
on φ in (1.73) into the ation.
For this transformation we use the relations
Z
mat
(eφg^) = Z
mat
(g^)e
D
48π
S
L
(g^,φ), (1.76)
Z
FP
(eφg^) = Z
FP
(g^)e−
26
48π
S
L
(g^,φ), (1.77)
Deφ g^φ = Dg^φ e
1
48π
S
L
(g^,φ), (1.78)
where S
L
(g^, φ) is the Liouville ation:
S
L
(g^, φ) =
∫
M
d2ξ
√
g^
(
1
2
g^µν∂µφ∂νφ+ R^φ
)
. (1.79)
Here R^ is the urvature salar in the metri g^µν.
The relation (1.76) for the matter partition funtion an be derived by
a ouple of methods suh as the heat kernel regularization [30℄ or the zeta
funtion regularization [31℄. Sine the matter ation is invariant under Weyl
transformations we an atually say that the whole ontribution omes from
the transformation of the measure Deφ g^X under onformal resalings of the
metri. This is also the reason for the trae anomaly of the energy momentum
tensor.
The transformation property (1.77) for the Faddeev-Popov determinant
an be derived in a similar way. However, the involved operators are muh
more ompliated, ompare (1.72).
The transformation (1.78) ould not be derived rigorously by these or
other methods. David [8℄ and Distler and Kawai [9℄ use a selfonsistent
bootstrap method to nd this relation. Under the assumption that the fa-
tor takes the form of an exponential of a Liouville ation with arbitrary
oeÆients the oeÆients are determined from general invariane onsider-
ations.
In this alulation the Liouville mode φ is resaled by a fator α, whih
has to be determined. Taking all fators together, the partition funtion
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(1.73) an be rewritten as:
Z(V) =
∫
Dτ
∫
Dg^φ ZFP(g^) Zmat(g^) eD−2548π SL(g^,φ) δ(V − Veαφ g^), (1.80)
where the measures depend only on the bakground metri g^. Thus the
partition funtion sales under a resaling of the volume as:
Z(λV) = λ
D−25
12α
χ−1Z(V), (1.81)
where χ is the Euler harateristi of the manifoldM. To nd (1.81) we have
shifted φ by 1
α
log λ and used the Gauss-Bonnet theorem (1.3).
Now we have to ompute the dressing exponent α. It turns out that
more generally we an ompute the anomalous saling dimensions for a whole
family of operators. Consider the observable
O(g) =
∫
M
d2ξ
√
g Φ(g), (1.82)
where Φ is a spinless primary eld of dimension ∆0. Typial simple ex-
amples are the volume Vg =
∫
M
d2ξ
√
g with ∆0 = 0 and the identity 1 =∫
M
d2ξ
√
g 1√
g
δ(ξ) with ∆0 = 1. Then O(g) transforms under a resaling
gµν→ λgµν of the metri as
O(λg) = λ1−∆0O(g), (1.83)
if the geometry is kept xed. Under the average over all geometries the
saling behaviour exponent ∆0 is in general hanged to some other value ∆:
〈O(g)〉λV = λ1−∆ 〈O(g)〉V . (1.84)
The oupling to gravity dresses the saling behaviour of the eld Φ. There-
fore we make the ansatz
O(g^, φ) =
∫
M
d2ξ
√
g eβφΦ(g^) (1.85)
for the observable after the transition to the translational invariant measure.
Note that O(g^, φ) is dieomorphism invariant and fullls O(g^, 0) = O(g^).
Now observe that (1.76), (1.77), (1.78) and O(eφg^) are invariant under the
transformation
g^µν(ξ)→ eσ(ξ)g^µν(ξ), φ(ξ)→ φ(ξ) − σ(ξ). (1.86)
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Therefore also O(g^, φ) has to be invariant. This requirement leads to an
expression for the gravitational dressing exponent β as follows. Under (1.86)
the produt
√
g^ Φ(g^) transforms as√
g^(ξ)Φ(g^)→ e(1−∆0)σ(ξ)√g^(ξ)Φ(g^). (1.87)
Thus eβφ(ξ) has to transform as
eβφ(ξ)→ e(∆0−1)σ(ξ)eβφ(ξ). (1.88)
On the other hand we an determine the transformation of eβφ(ξ) by om-
puting the Gaussian integral
Fφ(g^, β) =
∫
Dg^φ eD−2548π SL(g^,φ)+βφ(ξ), (1.89)
where βφ(ξ) is interpreted as an additional δ-funtion soure. If we dene
J^(x) = R^(x) + 48πβ
D− 25
1√
g^(x)
δ(x− ξ), (1.90)
we get:
Fφ(g^, β) = exp
[
D− 25
96π
∫
M
d2x
√
g J^(x)(∆−1g^ J^)(x)
]
(1.91)
= Fφ(g^, 0) exp
[
β
∫
M
d2x
√
g^ ∆−1g^ (ξ, x)R^(x) +
24πβ2
D− 25
∆−1g^ (ξ, ξ)
]
.
Under the transformation (1.86) the rst term in the exponent gives an extra
−βσ(ξ). The seond term is an evaluation of the propagator at oiniding
points whih naively seen is singular. Thus we have to renormalize this
expression [32℄. The renormalized propagator is dened as
∆−1g^,R(ξ, ξ) = lim
x→ξ
(
∆−1g^ (x, ξ) −
1
4π
logdg^(x, ξ)
2
)
, (1.92)
where dg^(x, ξ) is the geodesi distane between x and ξ. Therefore the
seond term in the exponent gains an extra
6β2
25−D
σ(ξ) under (1.86). Taking
both ontributions together we onlude:
eβφ(x)→ e−βσ(x)+ 6β225−cσ(x) eβφ(x) != e(∆0−1)σ(x) eβφ(x). (1.93)
The solution to this quadrati equation determines β and thus also α:
β =
1
12
(
25−D−
√
(25−D)(1−D+ 24∆0)
)
, (1.94)
α =
1
12
(
25−D−
√
(25−D)(1−D)
)
. (1.95)
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The sign of the square root is determined by requesting that in the lassial
limit c → −∞ the saling of observables is the same as in a xed geome-
try. With α inserted into (1.81) we an now verify the form (1.14) for the
suseptibility exponent γ.
For the expetation values of observables the dependene on the topology
anels , and we get:
〈O(g)〉λV = λ
β
α 〈O(g)〉V = λ1−∆ 〈O(g)〉V . (1.96)
∆ evaluates as
∆ =
√
1−D+ 24∆0 −
√
1−D√
25−D−
√
1−D
. (1.97)
The expetation value of produts of observables sales with the sum of their
saling exponents.
1.3 Fratal dimensions
Quantum gravity as dened above is a funtional integration over geometries.
Therefore we have to ask whih geometrial onepts survive the quantum
average and how geometry is hanged by it. In any theory of quantum
gravity the struture of spaetime is of primary interest and even its di-
mensionality is a dynamial quantity. The transfer matrix method in [22℄
applied to pure two-dimensional quantum gravity revealed that the spae-
time has a self-similar struture on all sales with a fratal dimension four.
An understanding of the quantum spaetime in two-dimensional quantum
gravity might help to understand similar dynamial hanges of the geometry
in higher dimensions.
In this setion we introdue three dierent onepts of dimensionality
to haraterize the fratal struture of spaetime, eah of whih might de-
sribe dierent aspets of the geometry. The intrinsi Hausdor dimension
or fratal dimension dH has already been dened above by the saling of ob-
servables suh as the average irumferene of irles with their \geodesi"
radii. These measurements are performed within the intrinsi geometry of
the universes. They are analogous to the usual \lok and rod" measure-
ments in lassial gravity. General results for dH from Liouville theory have
been given in [33℄.
We an also haraterize the fratal struture of spaetime by embedding
it into a D-dimensional, typially Eulidean at spae. Measurements of,
for example, the mean square extent of the universes are then performed
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with the metri of the embedding spae. The nite size saling of the mean
square extent of the surfaes denes the extrinsi Hausdor dimension DH.
Intuitively the embedding gives us an idea what typial universes would
\look like". Indeed it is known that the extrinsi Hausdor dimension of
two-dimensional quantum gravity is innity [34, 35℄. That means that the
surfaes are rumpled together in a ompliated way.
Instead of determining the metrial struture of the spaetime diretly by
putting out loks and rods, one an also hoose to observe the propagation of
test partiles. From suh observations one an in the lassial ase determine
the propagator and via an inverse Laplae transformation the assoiated heat
kernel. Sine all this an be done in a reparametrization invariant way, we
an dene orresponding quantum observables. This leads to the denition
of the spetral dimension ds as the saling exponent of the short time return
probability distribution of diusing matter. The rst general analytial result
for the spetral dimension of two-dimensional quantum gravity oupled to
onformal matter with entral harge D was given in [1℄.
1.3.1 Extrinsi Hausdor dimension
The extrinsi Hausdor dimension DH of a fratal objet embedded in a D-
dimensional spae is a measure for the extent of the objet measured with
the metri of the embedding spae. DH an be dened for mathematial
fratals as well as for random surfaes and for quantum gravity. Let us fous
on quantum gravity. The partition funtion for two-dimensional quantum
gravity with xed volume V of spaetime oupled to D Gaussian matter
elds is
Z(V) =
∫
D[gµν]V
∫
DgXµ
∣∣
m
e−
∫
M
d2ξ
√
g gαβ∂αXµ∂βXµ . (1.98)
Here DgXµ
∣∣
m
denotes the funtional integration over the D matter elds
suh that the entre of mass is xed to zero, whih amounts in dropping the
zero modes of the Laplaian when integrating over the matter elds. This is
a slight variation of (1.10) whih allows us to dene the extrinsi Hausdor
dimension as 〈
X2
〉
V
∼ V
2
DH
, for V →∞, (1.99)
with the denition〈
X2
〉
V
≡ 1
Z(V)
∫
D[gµν]V
∫
DgXµ
∣∣
m
e−
∫
M
d2ξ
√
g gαβ∂αXµ∂βXµ
× 1
DV
∫
M
d2ξ
√
g X2µ(ξ), (1.100)
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whih is equivalent to
〈
X2
〉
V
≡ 1
Z(V)
∫
D[gµν]V
∫
DgXµ
∣∣
m
e−
∫
M
d2ξ
√
g gαβ∂αXµ∂βXµ
× 1
2DV2
∫
M
d2ξ1
√
g
∫
M
d2ξ2
√
g (X(ξ1) − X(ξ2))
2. (1.101)
To understand the denition of DH note that the elds Xµ dene an embed-
ding of the manifold M in a D-dimensional Eulidean spae. That means
that we measure the Eulidean mean-square extent of spaetime embedded in
D dimensions. Mathematially more onservatively the extrinsi Hausdor
dimension is dened by onstruting a overing of the geometrial objet
embedded in some D-dimensional spae by a union of n small balls. n de-
pends on the typial marosopi sale r of the system and sales with the
dimension DH and is related to the mean square extent of the system as
n ∼ rDH ∼
〈
X2
〉DH
2 . (1.102)
The extrinsi Hausdor dimension for two-dimensional quantum gravity
has been omputed in [34, 35℄. Note that the treatment in [34℄ is based on a
more general saling assumption than is needed in two-dimensional quantum
gravity. Their general result was speialized to quantum gravity in [35℄. In
the following we briey summarize the derivation.
If we dene the two-point funtion by
G(p) =
〈∫
M
d2ξ1
√
g
∫
M
d2ξ2
√
g eip(X(ξ1)−X(ξ2))
〉
V
, (1.103)
it follows that
〈
X2
〉
V
= −
1
2DV2
∂2
∂p2
G(p)
∣∣
p=0
. (1.104)
In at spae the two-point funtion behaves as V2−∆0(p) with ∆0 ∼ p
2
. Cou-
pled to gravity this aquires a gravitational dressing whih an be omputed
to be:
∆(p) =
√
1−D+ 24∆0(p) −
√
1−D√
25−D−
√
1−D
. (1.105)
If we dierentiate G(p) ∼
V→∞ V2−∆(p) two times with respet to p at p = 0 we
get 〈
X2
〉
V
∼ logV, for D < 1, (1.106)〈
X2
〉
V
∼ log2V, for D = 1, (1.107)
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for large volumes V. In both ases
〈
X2
〉
V
grows slower than any power of
V. Thus we onlude that DH =∞. For spherial topology this has already
been found for D→ −∞ and to one-loop order in [36℄.
1.3.2 Spetral dimension
To probe the struture of lassial spaetime one an study the properties
of propagating partiles, typially of free partiles or diusing matter. Let
Ψ(ξ, T) be the wave funtion for diusion on the d-dimensional ompat
manifold M. Ψ depends on the time-parameter T and is a funtion of the
points in M whih fullls the diusion equation
∂
∂T
Ψ(ξ, T) = ∆gΨ(ξ, T) (1.108)
for the initial ondition
Ψ(ξ, 0) =
1√
g(ξ)
δ(ξ0 − ξ). (1.109)
Here ∆g is the Laplae-Beltrami operator orresponding to the metri gµν of
M. The solution of the diusion equation an be written as
Ψ(ξ, T) = eT∆
′
gΨ(ξ, 0) =
∫
M
ddξ ′
√
g K ′g(ξ, ξ
′; T)Ψ(ξ ′, 0), (1.110)
whih denes the probability distribution (or heat kernel) K ′g(ξ, ξ
′; T) for
diusion on a ompat manifoldM with metri gµν. Here and in the following
we take into aount, that the Laplae operator ∆g on ompat surfaes has
zero modes whih should be projeted out. This is indiated with a prime.
K ′g(ξ, ξ
′; T) is related to the massless salar propagator (−∆g)−1 by
〈
ξ ′|(−∆g)−1|ξ
〉 ′
=
∫∞
0
dT K ′g(ξ, ξ
′; T). (1.111)
It is known that the average return probability distribution
RP ′g(T) ≡
1
Vg
∫
M
ddξ
√
g K ′g(ξ, ξ; T) (1.112)
at time T for diusion on a d-dimensional manifold with a smooth geometry
[gµν] admits the following asymptoti expansion for small times T :
RP ′g(T) ∼
1
Td/2
∞∑
r=0
anT
n =
1
Td/2
(1+O(T)), (1.113)
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where the oeÆients an are dieomorphism invariant integrals of polyno-
mials in the metri and the urvature and in their ovariant derivatives, see
for example [37℄. This asymptoti expansion breaks down when T is of the
order V
2
d
, when the exponential deay of the heat kernel beomes dominant.
Sine RP ′g(T) is reparametrization invariant, we an dene its quantum
average over geometries for xed volume V of spaetime as:
RP ′V(T) ≡
1
Z(V)
∫
D[gµν]V e−Se(g)RP ′g(T). (1.114)
Here S
e
(g) denotes the eetive ation of quantum gravity after integrating
out possible matter elds.
The spetral dimension ds is now dened by the short time asymptoti
behaviour of RP ′V(T):
RP ′V(T) ∼
1
Tds/2
(1+O(T)). (1.115)
It is natural to expet that under the average (1.114) over all geometries the
only remaining geometri invariant is the xed volume V. Thus we expet
that RP ′V(T) has the form
RP ′V(T) =
1
Tds/2
F
(
T
V2/ds
)
, (1.116)
where F(0) > 0 and F(x) falls o exponentially for x → ∞. This saling
assumption is the main input into our derivation of the spetral dimension
of two-dimensional quantum gravity. It is very well doumented in numerial
simulations [38, 39℄.
For a xed smooth geometry the spetral dimension is by denition equal
to the dimension d of the manifold. However, the quantum average an a
priori hange this behaviour. Atually we know that the intrinsi Hausdor
dimension of two-dimensional quantum gravity is dierent from two. In this
sense generi geometries are fratal with probability one. For diusion on
xed (often embedded) fratal strutures it is well known, that the spetral
dimension an be dierent from the embedding dimension as well as from
the fratal dimension. The diusion law, measured in the embedding spae,
beomes anomalous: 〈
r2(T)
〉
∼ T2/dw , (1.117)
with a gap exponent dw > 2. This slowing down of the transport is aused
by the fratal ramiation of the system. The gap exponent dw is related to
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the spetral dimension ds and the intrinsi Hausdor dimension dh by
ds =
2dh
dw
. (1.118)
If the diusion law is not anomalous, we have dw = 2 and ds = dh, analogous
to ds = d for diusion on xed smooth d-dimensional geometries. For a
review of diusion on fratals see [40℄.
While the above onepts are in prinipal valid for Eulidean quantum
gravity in any dimension d, let us now speialize to two dimensions. The
starting point is again the partition funtion (1.98) for two-dimensional quan-
tum gravity oupled to D Gaussian matter elds Xµ for xed volume V of
spaetime. We use (1.100) to dene
〈
X2
〉
V
. The Gaussian ation implies
that:
〈
X2
〉
V
=
1
DV
∂
∂ω
〈
eω
∫
M
d2ξ
√
g X2µ(ξ)
〉
V
∣∣∣
ω=0
=
1
DVZ(V)
∂
∂ω
∫
D[gµν]V
(
det
′(−∆g −ω)
)−D/2∣∣∣
ω=0
=
1
2VZ(V)
∫
D[gµν]V
(
det
′(−∆g)
)−D/2
Tr
′
[
1
−∆g
]
=
1
2V
〈
Tr
′
[
1
−∆g
]〉
V
. (1.119)
By inserting (1.111) and (1.116) into this formula we get:
〈
X2
〉
V
=
1
2V
〈∫∞
0
dT
∫
M
d2ξ
√
g K ′g(ξ, ξ; T)
〉
V
=
1
2
∫∞
0
dT RP ′V(T) =
1
2
∫∞
0
dT
1
Tds/2
F(
T
V2/ds
)
∼ V
2
ds
−1, (1.120)
for V →∞. Comparing this with (1.99) we onlude:
1
ds
=
1
DH
+
1
2
. (1.121)
Using the result DH =∞ from the preeeding setion we arrive at:
ds = 2, for all D ≤ 1. (1.122)
Stritly speaking, this assumes ds ≤ 2. However, at D = −∞ a xed ge-
ometry implies ds = 2 and DH = ∞, in agreement with (1.121), and we
expet that a saddle point alulation around D = −∞ is reliable, ompare
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[36℄. Therefore ds equals 2 in a neighbourhood of D = −∞. The average
over all geometries in (1.114) inludes many degenerate geometries, for whih
DH < ∞, for example the branhed polymer-like geometries whih are dis-
ussed in setion 2.1.4. Thus, a priori we would expet that under the average
over utuating geometries the spetral dimension dereases. Therefore it is
reasonable to assume that ds ≤ 2. 2
Thus we have shown, that the spetral dimension of two-dimensional
quantum gravity oupled to D Gaussian elds equals two for D ≤ 1 [1℄. Our
derivation relies on the saling form (1.116) of the averaged return probability
RP ′V(T) and on properties of Gaussian matter elds. To orroborate the result
(1.122), let us present another derivation ompletely within Liouville theory
3
.
Let us dene an observable
O(g) =
∫
M
d2ξ0
√
g
1
−∆g
1√
g(ξ)
δ(ξ0 − ξ)
∣∣∣
ξ=ξ0
. (1.123)
Under a resaling of the metri, O behaves like O(λg) = λO(g), that means
it is a orrelator with onformal weight (−1,−1). Therefore we dedue from
(1.96) that
〈O(g)〉λV = λ 〈O(g)〉V , (1.124)
or equivalently: 〈
1
V
O(g)
〉
λV
= 〈O(g)〉V . (1.125)
On the other hand we an write:〈
1
V
O(g)
〉
V
=
〈
1
V
∫
M
d2ξ0
√
g(ξ0)
1
−∆g
1√
g(ξ)
δ(ξ0 − ξ)
∣∣∣
ξ=ξ0
〉
V
=
〈
1
V
∫
M
d2ξ0
√
g(ξ0)
∫∞
0
dT eT∆g
1√
g(ξ)
δ(ξ0 − ξ)
∣∣∣
ξ=ξ0
〉
V
=
∫∞
0
dT RP ′V(T) ∼ V
2
ds
−1, (1.126)
using the saling assumption (1.116). From (1.125) and (1.126) it follows
that ds = 2 in Liouville theory for all types of matter oupled to gravity
2
If ds > 2, the integral in (1.120) diverges at 0, and we have to introdue a ut-o ǫ
for small times T . Then it is onvenient to onsider
〈
(X2)n
〉
V
∼ V2n/DH instead, with
n = [ds/2] + 1 for non-integer ds. Then the leading large V behaviour will be V
2n/ds−1
,
and we get
1
ds
= 1
DH
+ 1
2n
.
3
Thanks to Jakob L. Nielsen for showing me this argument.
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with entral harge D ≤ 1, at whih point the ontinuum alulations break
down.
This situation is very remarkable: A generi geometry in the funtional
integral (1.98) is a typial fratal, when looked at in the usual way by om-
puting the fratal dimension dh from measurements of the irumferene
〈l(g, R)〉V of irles versus the geodesi distane R. Also the gap exponent
dw is anomalous and larger than two. It is exatly equal to the intrinsi Haus-
dor dimension and onsequently, the spetral dimension ds equals two. It
takes the same value as for smooth two-dimensional geometries.
The spetral dimension has reeived onsiderable attention also in nu-
merial studies of the fratal struture of two-dimensional quantum gravity.
In [39℄ the return probability is omputed for pure gravity and for gravity
oupled to matter with entral harge
1
2
and 1. They nd that their results
are onsistent with ds = 2. In [38℄ ds is measured for entral harge −2, 0,
1
2
and
4
5
. They get the results ds = 2.00(3), ds = 1.991(6), ds = 1.989(5) and
ds = 1.991(5), respetively
4
.
For D > 1 it is generally believed that two-dimensional quantum grav-
ity is in a branhed polymer phase, see [17, 18℄ for reent analytial and
[41℄ for some numerial evidene. The Gaussian elds dene an embed-
ding of these polymers in RD. The extrinsi Hausdor dimension of generi
branhed polymers is DH = 4, thus we onlude from (1.121) that the spe-
tral dimension equals
4
3
, the famous Alexander-Orbah value [42℄. The value
ds =
4
3
and formula (1.121) for branhed polymers have been derived in [43℄
by dierent methods, see also [44℄ for a reent omplete proof of ds =
4
3
.
Furthermore, for the multiritial branhed polymers [21℄ it is known that
DH =
2m
m−1
,m = 2, 3, . . . , where m = 2 for the ordinary branhed poly-
mers. Thus we obtain ds =
2m
2m−1
, in agreement with the analysis in [45℄.
For m→∞ the multiritial branhed polymers approah ordinary random
walks, for whih DH = 2 and ds = 1.
Let us in the end omment on a subtlety in the denition (1.114) of the
averaged return probability RP ′V(T). We have dened it as the quantum aver-
age of the return probability for xed geometry over utuating geometries.
Instead, we ould have dened it as the limit for R→ 0 of
K ′V(R, T) =
1
G(V, R)
∫
D[gµν]V e−Se(g) (1.127)
×
∫
M
d2ξ1
√
g
∫
M
d2ξ2
√
g δ(R− dg(ξ1, ξ2))K
′
g(ξ1, ξ2; t),
4
Thanks to Konstantinos N. Anagnostopoulos for showing me these data prior to the
publiation of [38℄
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where G(V, R) = V 〈l(g, R)〉V Z(V) is the partition funtion for universes with
two marked points separated by a geodesi distane R (\two-point funtion")
as dened (up to matter elds) in (1.25), see also (1.35). K ′V(R, T) is the av-
erage probability distribution for diusing a geodesi distane R in the time
T . It is natural to identify RP ′V(T) with K
′
V(0, T). However it is unknown
whether the limit R→ 0 of (1.127) ommutes with the funtional integration
over geometries. Atually, for the two-point funtion G(V, R) it is easy to see
that this is not the ase. If the limits do not ommute there are two inequiv-
alent denitions of the return probability RP ′V(T). However, the saling form
of K ′V(0, T) is the same as the saling form (1.116) of RP
′
V(T) [46℄. Indeed,
we have ∫∞
0
dR 〈l(g, R)〉V K ′V(R, T) = 1, (1.128)
and using dim[R] = dim[Vν] we arrive at the saling form
K ′V(R, T) =
1
V
P
(
R
Vν
,
T
Vλ
)
, (1.129)
where λ is hosen suh that T
Vλ
is dimensionless. Expanding the return
probability K ′V(0, T) around T = 0 we get
K ′V(0, T) ∼
V
λds
2
−1
Tds/2
, for T ∼ 0, (1.130)
by denition of ds. If this short time asymptoti stays nonzero and nite for
innite volume V we get λ = 2
ds
, and K ′V(0, T) sales as
K ′V(0, T) =
1
Tds/2
~F
(
T
V2/ds
)
, (1.131)
whih has the same form as the saling behaviour of RP ′V(T).
1.3.3 Intrinsi Hausdor dimension
The intrinsi Hausdor dimension dh of two-dimensional quantum grav-
ity has been dened in setion 1.1.3. One way is to measure the average
irumferene 〈l(g, R)〉V of irles with a small radius R, whih sales as
〈l(g, R)〉V ∼ Rdh−1. This is analogous to the lassial \lok and rod" pro-
edure to study the geometrial properties of spaetime. Alternatively one
an dene the fratal dimension dH as the saling exponent of the average
volume of the universes: 〈V〉R ∼ RdH , ompare (1.32). In two-dimensional
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quantum gravity the rst \loal" and the seond \global" onept of the
intrinsi Hausdor dimension agree. For pure gravity, we have dH = 4, see
(1.41).
The intrinsi Hausdor dimension has been omputed in [33℄ by study-
ing the diusion equation in Liouville theory. Although the mathematial
status of this derivation is unlear and although it is not onsistent with the
derivation of the spetral dimension in setion 1.3.2, the result is valid for a
number of speial ases and agrees with many numerial simulations.
In [33℄ the mean square distane
〈
R2(T)
〉
V
of diusion in the utuating
spae time is dened as:
〈
R2(T)
〉
V
≡ 1
VZ(V)
∫
D[gµν]V e−Se(g)
∫
M
d2ξ1
√
g
∫
M
d2ξ2
√
g
×d2g(ξ1, ξ2)K ′g(ξ1, ξ2; T). (1.132)〈
R2(T)
〉
V
sales with the volume as
〈
R2(T)
〉
V
∼ V
2
dh , (1.133)
whih yields yet another way to dene the intrinsi Hausdor dimension dh.
On the other hand, the mean square distane for diusion on a xed smooth
geometry [gµν] with the initial ondition (1.109) an be expanded for small
times T as [47℄∫
M
d2ξ
√
g d2g(ξ0, ξ)K
′
g(ξ0, ξ; T) = 4T −
2
3
T2R(ξ0) +O(T3), (1.134)
with the urvature salar R. If we assume that this expansion ommutes
with the funtional average over geometries in (1.132), we get〈
R2(T)
〉
V
∼ onst · T, for small times T . (1.135)
The dimension of T an be omputed from Liouville theory by expanding
the (unnormalized) return probability for small times to observe how this
sales under the transformation V → λV:〈∫
M
d2ξ0
√
g K ′g(ξ0, ξ0; T)
〉
λV
=
〈∫
M
d2ξ0
√
g eT∆gΨ(ξ, 0)
∣∣∣
ξ=ξ0
〉
λV
=
〈∫
M
d2ξ0
√
g
[
Ψ(ξ0, 0) + T∆gΨ(ξ, 0)
∣∣∣
ξ=ξ0
+O(T2)
]〉
λV
= 1+ T
〈∫
M
d2ξ0
√
g ∆g
1√
g(ξ)
δ(ξ− ξ0)
∣∣∣
ξ=ξ0
〉
λV
+O(T2)
(1.96)
= 1+ T λ
β
α +O(T2), (1.136)
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where β is omputed for ∆0 = 2. This alulation is based on the assump-
tion that the expansion of the exponential ommutes with the funtional
integration over geometries. Then we have:
dim[T ] = dim[V2/dH ] = dim[V−β/α], (1.137)
and thus
dH = −
2α
β
= 2
√
25−D+
√
49−D√
25−D+
√
1−D
, (1.138)
for matter with entral harge D oupled to two-dimensional gravity. For
D = 0, that means in the ase of pure gravity, (1.138) predits dH = 4, in
agreement with (1.41). In the semilassial limitD→ −∞ we expet dH = 2,
whih is also orretly predited by (1.138).
The validity of (1.138) has been widely disussed. The main assumption
of the derivation skethed above is that one is allowed to interhange the
expansion of eT∆g with the funtional integration in (1.136). Further input
is the saling assumption for
〈
R2(T)
〉
V
. In priniple the same result for the
intrinsi Hausdor dimension should be obtained if one uses some power of
the Laplae operator. However this is not true and results obtained from
higher orders of the expansion of eT∆g ontradit the result from the rst
order.
An alternative theoretial predition based on the transfer matrix method
has been given in [34, 48, 49℄. They get:
dH = −
2
γ
=
24
1−D+
√
(25−D)(1−D)
. (1.139)
For D = 0 this yields again dH = 4, while for D → −∞ (1.139) predits
dH = 0.
To settle this question, the authors of [50, 51℄ performed a high preision
Monte Carlo analysis forD = −2. Their result is dH = 3.574(8), in agreement
with the value dH = 3.562 from (1.138) and in lear disagreement to dH = 2
from (1.139). This learly rules out the validity of (1.139) for matter with
D < 0 oupled to gravity.
However, for unitary matter with D > 0 oupled to gravity the situation
is less lear. Most simulations report values dH ≈ 4 [52, 39, 53℄, and a bak-
reation of the matter on the struture of the quantum spaetime annot be
observed. However, values extrated from the saling of the matter orrela-
tion funtions are higher, though less reliable. All data are onsistent with
the onjeture [52, 39℄:
dH = 4, for 0 ≤ D ≤ 1, (1.140)
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D = −5 D = −2 D = 0 D = 1
2
D = 4
5
D = 1 ref.
3.236 3.562 4 4.212 4.421 4.828 (1.138)
1.236 2 4 6 10 ∞ (1.139)
3.36(4) 3.574(8) 4.05(15) 4.11(10) 4.01(9) 3.8{4.0 [54, 55℄
3.96{4.38 3.97{4.39 [55℄
Table 1.1: Current status of numerial values for the intrinsi Hausdor dimension
dH ompared to the two dierent theoretial preditions (1.138) and (1.139). The
values in the rst part of the table are the theoretial preditions. In the seond
part of the table we summarize results from the saling of the two-point funtion for
the random surfaes, while in the last part the Hausdor dimension is determined
from the saling of the matter orrelation funtions. See the referenes for tehnial
details about the simulations and the data analysis.
although the validity of (1.138) for D > 0 is not ompletely ruled out. The
urrent status of the numerial simulations is summarized in table 1.1.
Chapter 2
Disretization of 2d quantum
gravity
The formulation of quantum eld theory in terms of renormalized Eulidean
funtional integrals leads to an identiation of quantum eld theory with
statistial mehanis. A key ingredient for this identiation is the disretiza-
tion of spaetime. Then the powerful tehniques from the theory of ritial
phenomena get available and have proved to be invaluable for the under-
standing of renormalization and of non-perturbative phenomena.
Therefore it is natural to attempt a disretization of the ontinuum the-
ory of quantum gravity. However, spaetime no longer plays the role of a
mere bakground but is the dynamial variable itself. This, ombined with
the dieomorphism invariane of the ontinuum theory poses a problem for
the disretization whih has suessfully been solved by the method of dy-
namial triangulations [56, 57, 58℄. The main idea is to disretize geometry
diretly, with no referene to oordinate parametrizations. That means that
the funtional integral over equivalene lasses of metris on a manifoldM is
replaed by a nite sum over pieewise linear spaes whih are onstruted
by suessively gluing d-simplies together. The xed edge length of the
simplies introdues a reparametrization invariant uto into the theory. In
this way quantum gravity an be formulated as an ensemble of disrete ran-
dom manifolds and the mahinery of ritial phenomena an be applied. The
ontinuum theory is reovered at a ritial point of this ensemble. Masses
and ontinuum oupling onstants are dened by the approah to the ritial
point in the saling limit.
Researh in the formulation of lassial gravity in purely geometrial
terms was initiated in 1961 by T. Regge [59℄, while the rst attempt at
a disretization of quantum gravity in the sense of this hapter has been
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done by Weingarten in 1980 [60, 61℄. A good review with some omments
about the historial development of the subjet is [62℄. Other reviews an be
found in [63, 64, 65℄. Muh of the material presented in this hapter is taken
from these artiles. In [66℄ the relation between the matrix-model tehnique
and dynamial triangulation is reviewed.
In the rst setion of this hapter we introdue the method of dynami-
al triangulations and disuss the saling properties of the theory. Branhed
polymers, whih have been mentioned before, are disussed in some detail. In
setion 2.2 we give a brief review of the matrix-model tehniques whih have
been applied to solve two-dimensional quantum gravity. For more details
and further issues we refer to the review artiles given above. The expliit
solution of disretized two-dimensional quantum gravity shows, that the on-
tinuum theory is the saling limit of dynamial triangulation. Therefore both
theories an be identied.
In setion 2.3 we outline how the fratal struture and the saling prop-
erties of pure two-dimensional quantum gravity an be obtained.
An alternative method for the disretization of quantum gravity, known as
quantum Regge alulus, has been suggested. This is disussed in hapter 3
of this thesis.
2.1 Dynamial triangulation
Dynamial triangulation is a disretization of quantum geometries. No ref-
erene to parametrizations has to be made. At the same time it provides
a regularization of the ontinuum theory by introduing an expliit uto.
In this setion we an only outline the beauty and power of dynamial tri-
angulations in two dimensions. We begin with a short introdution into
disretization of ontinuum manifolds and geometries. Then we dene the
partition funtion of two-dimensional dynamial triangulation and disuss its
saling properties. The suseptibility exponent γ is haraterized through
the fratal struture of the random spaetimes. We end this setion with
a disussion of the saling properties of the two-point funtion whih are
illustrated by means of the model of branhed polymers.
2.1.1 Disretization of geometry
Let us dene an oriented n-simplex as an (n + 1)-tuple of points modulo
even permutations. Thus a 0-simplex is a point, a 1-simplex is a pair of
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points whih an be identied with a line, a 2-simplex is a triangle, a 3-
simplex a tetrahedron et. A subsimplex σ ′ of a simplex σ is dened as
a subset of σ: σ ′ ⊆ σ. By gluing simplies together one gets a simpliial
omplex. Simpliial omplexes have no xed dimension, that means they
are not manifolds. However, their struture is suÆient to dene exterior
alulus on them, whih physially means that salar elds, gauge elds,
antisymmetri tensor elds et an be dened on them.
A d-dimensional simpliial manifold is a simpliial omplex suh that
the neighbourhood of eah point in the omplex is homeomorphi to a d-
dimensional ball. In one and two dimensions eah simpliial manifold an
be obtained by gluing pairs of d-simplies along some of their (d− 1)-edges.
In higher dimensions this suessive gluing yields in some ases only pseudo-
manifolds, in whih a neighbourhood of a point an also be homeomorphi
to a topologially more ompliated objet.
The struture of simpliial manifolds orresponds to a disretization of
the ontinuous manifold struture. To dene geometrial onepts we have
to introdue a metri. A d-dimensional simpliial manifold an be equipped
anonially with a Riemannian metri by demanding that the metri is at
inside eah d-simplex, ontinuous when the (d− 1)-subsimplies are rossed
and that eah (d − 1)-subsimplex is a linear at subspae of this simplex.
A simpliial manifold equipped with suh a metri is alled pieewise linear
spae.
The anonial metri an be dened by assigning lengths to the Nl
links (1-subsimplies) of the simpliial manifold. First note that any d-
dimensional simpliial manifold M an be overed with harts (U,φ) suh
that eah d-simplex is parametrized by baryentri oordinates. Here
U = {ξ ∈ Rd+|ξ1 + · · ·+ ξd < 1}, (2.1)
and φ : U→M is given by
φ(ξ) = ξ1y1 + . . .+ ξdyd + (1− ξ1 − . . .− ξd)yd+1, (2.2)
where y1, . . . , yd+1 are the oordinates of the verties of the simpliial om-
plex whih live in some ambient spae Rn. Then on eah hart the anonial
metri is dened by
gµν(ξ) =
∂φ
∂ξµ
· ∂φ
∂ξν
. (2.3)
This metri is Eulidean inside eah d-simplex and ontinuous if a (d − 1)-
fae is rossed. It is ompatible with the manifold struture and an be
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expressed solely in terms of the link lengths l1, . . . , lNl . For a triangle (2.3)
an be written as
gµν =
(
l21
1
2
(l21 + l
2
2 − l
2
3)
1
2
(l21 + l
2
2 − l
2
3) l
2
2
)
. (2.4)
The intrinsi urvature of a two-dimensional pieewise linear spae is
loated at the verties, that means its 0-subsimplies. The urvature an
learly not reside in the triangles, sine they are at. Furthermore the met-
ri is ontinuous when rossing the edges of the triangles. Sine we dene
urvature as an intrinsi onept of the pieewise linear spae it should be
independent of the embedding. We an bend the surfae around an edge
without hanging the geometry { an observation whih the German math-
ematiian C. F. Gauss made in his famous paper Disquisitiones generales
ira superies urva (1828) and whih he alled theorema egregrium.
Therefore it is intuitive that the urvature annot reside in the edges. Rather,
it is onentrated at the verties or in general at the (d − 2)-hinges of the
pieewise linear spae. To eah vertex v in the surfae we an assign a deit
angle δv as the dierene between 2π and the sum of the angles meeting at
v:
δv = 2π−
∑
t:v∈t
αv,t, (2.5)
where the sum goes over all triangles t ontaining v. αv,t is the angle at v
inside t. The salar urvature Rv at v is dened as
Rv = 2 δv
dAv
, dAv =
1
3
∑
t:v∈t
At, (2.6)
where At is the area of the triangle t. The salar urvature R in two dimen-
sions equals two times the Gaussian urvature. With these denitions we
nally have:
total area of the surfae =
Nv∑
v=1
dAv, (2.7)
and the Gauss-Bonnet theorem is now valid in the form
Nv∑
v=1
RvdAv = 4πχ, (2.8)
whih is equivalent to the polyeder formula Nt −Nl +Nv = χ by Desartes
and Euler.
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2.1.2 Denition of the model
The original proposal of Regge [59℄ onsists in onstruting a sequene of
pieewise linear spaes to approximate a given smooth manifold M suh
that for any suÆiently smooth funtion f∑
v
dAvfv→ ∫
M
dA(ξ) f(ξ), (2.9)
where fv is the value of the funtion f at the vertex v. The appliability of
this point of view in the quantum ase will be disussed in hapter 3. Here
we take a somewhat dierent point of view. Our aim is to integrate over
all equivalene lasses of metris on a given manifold M. We introdue a
reparametrization invariant uto by assigning the length a to eah edge of
pieewise linear spaes. We onstrut all possible pieewise linear spaes by
gluing equilateral triangles together. In this ase the formulas above simplify
onsiderably. Let nv be the order of the vertex v. Then we have:
dAv =
√
3
12
a2nv, RvdAv = 2π
3
(6− nv). (2.10)
For simpliity we resale a2 by
√
3
4
and then set a = 1. (2.10) shows that two
triangulations whih annot be mapped onto eah other by a relabelling of
the verties lead to dierent loal urvature assignments. Thus they dene
dierent metri strutures. The set of ombinatorially non-equivalent tri-
angulations denes a grid in the spae of dieomorphism lasses of metris.
The proposal desribed in this hapter relies on the hope that this grid gets
uniformly dense in the limit a→ 0.
To dene a regularized theory of quantum gravity we replae the ation
S(g,Λ) = ΛVg in (1.6) by
ST(µ) = µNt, (2.11)
where µ is the bare osmologial onstant. The integration over equivalene
lasses of metris on M is replaed by a summation over all non-isomorphi
equilateral triangulations T with the topology of M. In the ase of mat-
ter oupled to quantum gravity, the matter elds X an be dened on the
verties, the links or on the triangles. In general the ation S
matter
and the
funtional integration over the matter elds will depend on the triangulation
T . The disretized version of the partition funtion an thus be written as
Z(µ) =
∑
T∈T
1
CT
e−ST (µ)
∫
DT[X] e−Smatter(T,X), (2.12)
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where CT denotes the symmetry fator of the triangulation T whih is equal
to the order of the automorphism group of T . The summation goes over a
suitable lass T of abstrat triangulations T dened by their verties and a
onnetivity matrix. Appealing to universality details of the hosen lass of
triangulations suh as whether losed two-loops are allowed or not should
not be important for the theory. This has been veried a posteriori.
For simpliity we will ignore any possible matter elds oupled to gravity
in the following equations.
Then we an write:
Z(µ) =
∞∑
N=1
e−µNZ(N), Z(N) =
∑
T∈TN
1
CT
, (2.13)
where TN denotes the subset of triangulations with N triangles of T . Expe-
tation values of observables O are dened as:
〈O〉µ =
1
Z(µ)
∑
T∈T
1
CT
e−ST (µ)O(T), (2.14)
〈O〉N =
1
Z(N)
∑
T∈TN
1
CT
O(T), (2.15)
in the \grand-anonial" ensemble with xed osmologial onstant and in
the \anonial" ensemble with xed volume respetively. µ an be under-
stood as the hemial potential for adding new triangles to the surfaes.
Z(N) an be interpreted as the number of triangulations in TN. This
number is exponentially bounded:
Z(N) = eµcNNγ−3 (1+O(1/N)) . (2.16)
The proof for spherial topology has been given in [67℄. For a general proof
by purely ombinatorial methods in the spirit of Tutte see [62℄. It an be
proved that the ritial point µc does not depend on the topology.
That means that the statistial ensemble dened by (2.12) has a ritial
point µc. Z(µ) is analytial for µ > µc and ontains non-analytial parts
at the ritial point. The latter have our biggest interest sine they are the
universal parts given by the largeN behaviour of Z(N). The ontinuum limit
should be dened as µ→ µc. Close to the ritial point we have:
Z(µ) = (µ− µc)
2−γ+ less singular terms, (2.17)
from a disrete Laplae transformation of (2.16). Many analytial and nu-
merial investigations have revealed that γ assumes the same values as in the
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ontinuum theory of two-dimensional quantum gravity and is given by (1.14).
Thus the suseptibility exponent γ an also be haraterized as the sublead-
ing power orretion of the exponentially growing number of triangulations
for a xed topology. Furthermore, γ an be haraterized by the branhing
ratio into minimal bottlenek baby universes [68℄, that means parts of the
universe whih are onneted to the rest by a three-loop of links whih do
not form a triangle, see gure 2.1. The smaller part is then alled minimal
Figure 2.1: Branhing of a minimal bottlenek baby universe from the
larger parent.
bottlenek baby universe and the larger part is alled parent. In the ensemble
of universes with volume N the average number 〈N (V)〉N of baby universes
with volume V is given by
〈N (V)〉N ∼
3!
Z(N)
VZ(V) (N− V)Z(N − V). (2.18)
The fators Z(V) and Z(N− V) are the weights of the baby universe and of
the parent respetively. The volume fators V and N−V reet the fat that
the baby universe an be attahed at any triangle. Finally, 3! is the number
of ways the two boundaries of the parent and of the minimal bottlenek baby
universe an be glued together. (2.18) is valid in the generi ase where there
are no additional symmetries. Assuming that Z(N) is given by (2.16) we get:
〈N (V)〉N ∼ NVγ−2
(
1−
V
N
)γ−2
. (2.19)
For V ≪ N this redues to 〈N (V)〉N ∼ NVγ−2. It is interesting to note
that γ is a funtion of the matter oupled to gravity. Thus it desribes an
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aspet of the fratal struture of quantum spaetime that originates from the
bak-reation of the matter on gravity.
2.1.3 The two-point funtion
In analogy to the ontinuum formalism in hapter 1 we an dene a two-
point funtion whih in a natural way ontains information about the fratal
struture of the random surfaes.
In priniple, we ould dene a geodesi distane by using the anonial
metri desribed in setion 2.1.1. Alternatively, the use of simplied deni-
tions has been suggested. The geodesi distane between two links l1 and l2
is dened as the length of the shortest path of triangles onneting l1 and
l2. The geodesi distane between a link l1 and a set of links L is dened
as the minimum of the geodesi distanes between l1 and the elements of L.
Furthermore we dene the geodesi distane between a loop L1 and a loop
L2 to be r if all links of L1 lie a geodesi distane r from the loop L2. Note
that this denition is not symmetri in L1 and L2. Similarly we ould have
dened the geodesi distane as the distane between verties or between
triangles.
Then the two-point funtion is dened as:
G(µ, r) =
∑
T∈T (2,r)
e−µNt =
∞∑
N=1
e−µNG(N, r), (2.20)
G(N, r) =
∑
T∈TN(2,r)
1, (2.21)
where T (2, r) denotes the lass of triangulations T with two marked links
separated a geodesi distane r, and TN(2, r) the sublass where all triangu-
lations onsist of N triangles. Note that r is an integer in units of the lattie
spaing. G(µ, r) is the disretized form of G(Λ, R) in (1.23), while G(N, r) is
the disretized form of G(V, R) in (1.25).
An important property of the two-point funtion is:
G(µ, r1+ r2) ≥ onst×G(µ, r1) G(µ, r1), (2.22)
whih follows from the fat that eah term on the right hand side uniquely
denes a term on the left hand side. This is demonstrated in gure 2.2. From
this one an onlude that the limit
lim
r→∞
− logG(µ, r)
r
= m(µ) (2.23)
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1r =7 r =32
Figure 2.2: Two surfaes with two marked links separated a geodesi
distane r1 and r2 respetively an be glued together after utting open
one of the marked links eah to form a surfae with two marked links
separated a geodesi distane r1+ r2.
exists with m(µ) ≥ 0 and m ′(µ) > 0, for µ > µc. Thus the two-point
funtion falls o exponentially for r → ∞. These relations are by now well
known. However, the omplete proofs require some tehnial arguments,
ompare [62℄.
Below we will show that a ontinuum limit of the disretized theory an
only exist if m(µ) sales to zero as µ → µc. Let us assume that this is the
ase:
m(µ) ∼ (µ− µc)
ν, for µ→ µc. (2.24)
In general we expet that lose to the ritial point the exponential deay of
G(µ, r) turns over into a power law. More preisely:
G(µ, r) ∼ e−m(µ)r, for 1≪ m(µ)r, (2.25)
G(µ, r) ∼ r1−η, for m(µ)≪ m(µ)r≪ 1. (2.26)
The exponent η is alled the anomalous dimension in analogy to ordinary
statistial systems. Furthermore we an dene the suseptibility χ(µ) in the
disretized ensemble as
χ(µ) =
∞∑
r=1
G(µ, r), (2.27)
Close to the ritial point, where triangulations with large Nt dominate and
symmetry fators play no role, we have
χ(µ) ∼
∂2Z(µ)
∂µ2
∼ (µ− µc)
−γ. (2.28)
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Similar to hapter 1 we an introdue several onepts of fratal dimensions
to haraterize the geometrial struture of the two-dimensional quantum
spaetime. The Hausdor dimension dH in the grand-anonial ensemble is
dened by
〈N〉r ∼ rdH , for r→∞ and m(µ)r = onst, (2.29)
where the average 〈N〉r is given by
〈N〉r =
1
G(µ, r)
∑
T∈T (2,r)
Nte
−µNt = −
∂ logG(µ, r)
∂µ
. (2.30)
If we perform the derivative under the onstraint in (2.29) it follows that
〈N〉r ∼ m ′(µ)r ∼ r
1
ν . (2.31)
Thus the Hausdor dimension dH is related to the saling exponent ν by:
ν =
1
dH
. (2.32)
With (2.28) we an derive Fisher's saling relation
γ = ν(2− η), (2.33)
whih relates the ritial exponents dened above. From the long distane
behaviour of G(µ, r) we an ompute the long distane behaviour of G(N, r)
by a saddle point alulation:
G(N, r) ∼ e−c(
r
Nν )
1
1−ν
, (2.34)
with c =
(
1
ν
− 1
)
ν
1
1−ν
.
Analogously to the ontinuum formalism in hapter 1 we an dene a
Hausdor dimension dh by the short distane saling of the two-point fun-
tion in the anonial ensemble with xed number N of triangles. For r = 0,
G(N, 0) is the one-point funtion and behaves as
G(N, 0) ∼ eµcNNγ−2. (2.35)
This is beause for large N the one-point funtion is proportional to NZ(N)
sine it ounts triangulations with one marked link.
Now let r ≪ N1/dh and ount the number n(r) of triangles whih lie a
geodesi distane r away from a marked link. The average of n(r) in the
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ensemble of surfaes with one marked link denes the Hausdor dimension
dh by
〈n(r)〉N ∼
G(N, r)
G(N, 0)
∼ rdh−1, for 1≪ r≪ N1/dh . (2.36)
The rst relation follows from the denition of 〈n(r)〉N. Together with (2.35)
we onlude:
G(N, r) ∼ rdh−1Nγ−2eµcN, for 1≪ r≪ N1/dh . (2.37)
Finally, the short distane behaviour of G(µ, r) follows by a disrete Laplae
transformation. Close to the ritial point we get:
G(µ, r) ∼ rγdh−1. (2.38)
Together with (2.26) this proves again Fisher's saling relation. Furthermore
it turns out that both denitions of the intrinsi Hausdor dimension are
equivalent in two-dimensional quantum gravity. However, ounter examples
exist, as will be demonstrated in the next setion.
The mass m(µ) determines the saling of the disretized theory. To see
how ontinuum expressions an be approahed in the disretized theory let
us reintrodue dimensions. The renormalized osmologial onstant Λ in
terms of the bare osmologial onstant µ is dened by:
µ− µc = Λa
2, that means a(µ) ∼ (µ− µc)
1/2
. (2.39)
If the mass shall survive in the ontinuum limit, it has to be introdued as:
M = m(µ) a(µ)−2ν = cΛν, (2.40)
with a onstant c. If the two-point funtion shall survive, we must have
m(µ)r = MR, (2.41)
where the ontinuum parameter M and R are held xed and the number of
steps r goes to innity, that means:
R = r a(µ)2ν. (2.42)
From (2.25) and (2.26) we see that the ontinuum two-point funtion is given
by:
G(Λ, R) = lim
µ→µc a(µ)2ν(1−η)G(µ, r), m(µ)r = MR. (2.43)
This saling form an be expliitly veried by an exat alulation of G(µ, r)
for pure gravity [22, 23℄, ompare setion 2.3.
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2.1.4 Branhed polymers
An interesting simple example for the senario desribed above is provided
by the model of branhed polymers whih is important in the understanding
of the phases of two-dimensional quantum gravity. The ritial indies have
been omputed in detail in [69, 21℄. The partition funtion is dened as
Z(µ) =
∑
BP
1
CBP
e−µNl
∏
v∈BP
f(nv), (2.44)
where the sum goes over all branhed polymers, that means all onneted
planar tree graphs. Nl denotes the number of links in a branhed polymer.
The produt goes over all verties in the tree graphs and nv is the number
of links joining at the vertex v, alled the order of v. Usually, the (unnor-
malized) branhing weight f(n) is a non-negative funtion of the order of
the verties. Finally the symmetry fator CBP is hosen suh that rooted
branhed polymers, that means with the rst link marked, are ounted only
one.
The one-point funtion G(µ) is dened similarly as the sum over the
rooted branhed polymers. In this ase, the symmetry fator drops out.
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Figure 2.3: Illustration of the self-onsistent equation for rooted
branhed polymers. The rst link gives a fator e−µ. At the verties
the branhing weight has to be inluded.
From gure 2.3 we follow that G(µ) satises the equation
G(µ) = e−µ
(
1+ f(2)G(µ) + f(3)G(µ)2+ . . .
)
. (2.45)
We an solve this relation for eµ as a funtion of G(µ):
eµ =
1+ f(2)G(µ) + f(3)G(µ)2+ . . .
G(µ)
≡ F(G)
G
≡ F(G). (2.46)
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e
G G (µ)(µ )
µ
c
c
e
µ
Figure 2.4: Graphial solution of (2.46). The ritial point is identied
as the minimum of eµ as a funtion of G.
This equation is illustrated in gure 2.4. The ritial point is at the minimum
of F(G). Sine all f(n) are positive the minimum is unique and satises
F ′(G(µc)) = 0 and F ′′(G(µc)) > 0. Therefore we have:
G(µ) ∼ G(µc) − c(µ− µc)
1
2 , for µ→ µc, (2.47)
where c is some onstant. Sine G(µ) is the one-point funtion we would
have expeted a behaviour G(µ) ∼ (µ − µc)
1−γ
. Thus we onlude that the
generi value of γ for branhed polymers is 1
2
.
If we allow some of the values f(n) to be negative, we an ne tune the
f(n) suh that the minimum of F(G) satises
F(k)(G(µc)) = 0, for k = 1, . . . ,m− 1, and F
(m)(G(µc)) 6= 0. (2.48)
This model is alled m'th multiritial branhed polymer model. For m =
2 we simply reover the ordinary branhed polymer model. The ritial
behaviour of the one-point funtion is hanged to
G(µ) ∼ G(µc) − c(µ− µc)
1
m , for µ→ µc, (2.49)
and we get γ = m−1
m
.
To dene the two-point funtion G(µ, r) for branhed polymers, let the
geodesi distane between two marked verties x and y be the minimal length
of paths between the two points. This is of ourse unique. The two-point
funtion is dened as the partition funtion of branhed polymers with the
onstraint that there are two marked points separated a geodesi distane r.
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The path between the marked points an be viewed as a random walk where
at eah vertex a rooted branhed polymer an grow out. If we think only in
terms of intrinsi geometrial properties this leads to [21℄:
G(µ, r) ∼ (e−µF ′(G(µ)))r = e−m(µ)r, (2.50)
from whih we onlude, using e−µF ′(G(µ)) = 1− G(µ)
χ(µ)
, that
m(µ) = κ(µ− µc)
m−1
m , (2.51)
in the general ase form ≥ 2, with a positive onstant κ. Therefore it follows
with (2.32) that the intrinsi Hausdor dimension dH equals
m
m−1
. Form = 2
we have dH = 2 and the branhed polymers have the same intrinsi dimension
as smooth two-dimensional manifolds. For m → ∞, dH approahes one, in
agreement with the fat that in this limit the branhed polymers approah
ordinary random walks. The two-point funtion G(µ, r) is given by
G(µ, r) = onst× e−κr(µ−µc)
m−1
m
. (2.52)
We an also ompute the anonial intrinsi Hausdor dimension dh for
branhed polymers dened in the ensemble of branhed polymers with a xed
number N of links. The volume 〈n(r)〉N of a spherial shell of geodesi radius
r is dened in analogy to (1.35) and (2.36). Z(N) for branhed polymers is
given by an inverse Laplae transformation of (2.44) and sales as Z(N) ∼
eµcNNγ−3. Similarly the two-point funtion G(N, r) for graphs with xed
volume N is given by an inverse Laplae transformation of G(µ, r). Inserting
the saling behaviour and taking only the leading orders we nd for small
r [51℄:
〈n(r)〉N ∼
r
N1−
2
m
, for N1−
2
m ≪ r≪ N1− 1m . (2.53)
This shows that dh = 2 for all values of m. Thus for the generi branhed
polymers (m = 2) the anonial and the grand-anonial denition of the
intrinsi Hausdor dimension give the same result. However, this is not
true for the m'th multiritial branhed polymer model with m > 2, where
dH =
m
m−1
and dh = 2.
The fratal struture of branhed polymers embedded in RD is desribed
by the extrinsi Hausdor dimension DH. DH an be omputed from the
saling of the embedded two-point funtion. The path between two marked
points x and y is an embedded random walk at whih at eah point branhed
polymers an grow out. The integration over the embedding eld is the same
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as for the ordinary random walk in D dimensions. The branhing at the
verties orresponds to a renormalization of e−µ. From this renormalization
DH an be omputed with the result DH =
2
γ
= 2m
m−1
[21℄. Thus DH = 4 for
ordinary branhed polymers and DH→ 2 for m→∞.
2.2 Matrix models
Major advanes in the theory of two-dimensional quantum gravity have been
made when it was realized, that the theory is integrable in the disrete for-
mulation, even for some types of matter oupled to the surfaes [56, 70, 57,
71, 72, 58, 73℄.
In the development of these results the formulation of dynamial trian-
gulation in terms of matrix models has been of some importane. The Her-
mitean one-matrix model has a diret interpretation in terms of randomly
triangulated surfaes. This is demonstrated in the beginning of this setion.
Also the Hartle-Hawking wavefuntionals have a diret natural formulation
via matrix models. The Dyson-Shwinger equations for these models allow
the treatment of the theory by methods of omplex analysis. These so-alled
loop equations an alternatively be derived using only ombinatorial meth-
ods [62℄. The expliit solution of the loop equations provides deep insight
into the properties of the theory and allows the omputation of the saling
limit of the Hartle-Hawking wavefuntionals.
We annot review the vast literature on numerial simulations in quantum
gravity in this work. However, let us remark that all numerial simulations
of two-dimensional dynamial triangulation are onsistent with the saling
hypotheses, with universality, and { most remarkably { with the ontinuum
theory of two-dimensional quantum gravity.
2.2.1 Dynamial triangulation by matrix models
The disretized partition funtion of two-dimensional quantum gravity an
be represented as an integral over a Hermitean N ×N-matrix φ. Consider
the Gaussian integral ∫
dφ e−
1
2
Trφ2 1
K!
(
1
3
Trφ3
)K
, (2.54)
where the measure dφ is dened as
dφ =
∏
i≤j
dℜφij
∏
i<j
dℑφij. (2.55)
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The propagator of φ is given by
〈φijφi′j′〉 ≡ 1
Z(N, 0)
∫
dφ e−
1
2
Trφ2φijφi′j′ = δij′δji′ , (2.56)
with Z(N, 0) =
∫
dφ e−
1
2
Trφ2
. Diagrammatially, the propagator an be repre-
sented as a double line where the two lines are oriented in opposite diretions.
The integral (2.54) is performed by doing all possible ontrations of the K
Trφ3 verties. The dual piture of this orresponds to gluing K triangles
together to form all possible losed and not neessarily onneted surfaes
of arbitrary topology. The ontribution from a partiular graph forming a
losed surfae is NNv , sine eah vertex ontributes with a fator N. If we
make the substitution
Trφ3→ g√
N
Trφ3, (2.57)
eah losed surfae with Euler harateristi χ ontributes with gKNNv−K/2 =
gKNχ. We get the sum over arbitrary losed surfaes with any number of
triangles if we sum (2.54) over K:
Z(N, g) =
∫
dφ e
−1
2
Trφ2+
g
3
√
N
Trφ3
. (2.58)
Taking the logarithm of this projets on the onneted surfaes only. Thus
we see that
Z(µ,G) = log
Z(N, g)
Z(N, 0)
, (2.59)
with
1
G
= logN, and µ = − logg (2.60)
is a formal denition of the disretized partition funtion of two-dimensional
quantum gravity, inluding the sum over topologies. Here G is the gravita-
tional oupling onstant. The matrix integral (2.58) is of ourse not onver-
gent, but it has been suggested, that a losed form like (2.58) might dene
a non-perturbative denition of the sum over topologies after analyti on-
tinuation. In general however, the integral will be omplex [74, 75℄ and the
problem of summing over topologies has not yet been solved.
Equation (2.58) admits a 1/N2-expansion whih is idential to an ex-
pansion over topologies. Here we will restrit ourselves to spherial topology
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whih orresponds to the leading order in 1/N2. It is onvenient to generalize
the matrix integral (2.58) to
Z(N, gi) =
∫
dφ e−NTrV(φ), (2.61)
V(φ) =
∞∑
n=1
gn
n
φn, (2.62)
where we have performed the resaling φ → √Nφ. (2.61) is interpreted as
a perturbative expansion around a Gaussian integral. Thus the Gaussian
oupling onstant is bigger than zero, while the others are hosen smaller
than zero. The expetation value of some observable O(φ) is dened as
〈O(φ)〉 = 1
Z(N, gi)
∫
dφ e−NTrV(φ)O(φ). (2.63)
Dierentiating the logarithm of (2.61) with respet to the oupling on-
stants gn denes expetation values of observables like Trφ
k1 · · ·Trφkb . They
are interpreted as the sum over all surfaes whih have b polygons with ki
links as their boundary. The generating funtion of the onneted expeta-
tion values of these observables is given by
W(z1, . . . , zb) = N
b−2
∞∑
k1,...,kb=0
〈
Trφk1 · · ·Trφkb〉
onn
zk1+11 · · · zkb+1b
= Nb−2
〈
Tr
1
z1 −φ
· · ·Tr 1
zb− φ
〉
onn
. (2.64)
In the large-N limit this is the generating funtion for the disretized Hartle-
Hawking wavefuntionals, whose ontinuum ounterparts have been dened
in setion 1.1.2. In fat, already the one-loop orrelator W(z) ontains all
neessary information, sine the higher orrelators an be omputed from it
by dierentiation:
W(z1, . . . , zb) =
d
dV(zb)
d
dV(zb−1)
· · · d
dV(z2)
W(z1), (2.65)
where the loop insertion operator
d
dV(z)
is dened as
d
dV(z)
≡ −
∞∑
n=1
n
zn+1
∂
∂gn
. (2.66)
Let us dene the density ρ(λ) of eigenvalues of the matrix integral (2.61) by
ρ(λ) =
〈
N∑
i=1
δ(λi − λ)
〉
, (2.67)
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where the λi are the N eigenvalues of the matrix φ. Then the one-loop
orrelator W(z) an be written as:
W(z) =
∫∞
−∞dλ
ρ(λ)
z− λ
. (2.68)
For polynomial potentials the support of ρ(λ) is onned to one or several
intervals on the real axes in the limit N → ∞. The solution in the ase of
several uts has been given reently [76℄. Here we will only deal with a single
ut [a, b] on the real axes. Then W(z) will be analyti in the omplex plane
with a ut at the support [a, b] of ρ(λ). It follows that
2πi ρ(λ) = lim
ǫ→0(W(λ+ iǫ) −W(λ− iǫ)) . (2.69)
2.2.2 The loop equations
The matrix model (2.61) an be solved by many methods. It is most onve-
niently and systematially done by using loop equations, the Dyson-Shwinger
equations for the matrix models. Let us onsider the transformation
φ→ φ+ ǫ 1
z−φ
, (2.70)
whih makes sense if z is not an eigenvalue of φ and real, so that the new
matrix remains Hermitean. Then the measure and the ation transform as
dφ → (1+ ǫTr 1
z− φ
Tr
1
z−φ
)
dφ, (2.71)
TrV(φ) → TrV(φ) + ǫTrV ′(φ)
z −φ
, (2.72)
to rst order in ǫ. Sine the matrix integral (2.61) is invariant under suh a
denition of the integration variable we get:∫
dφ e−NTrV(φ)
{(
Tr
1
z−φ
)2
−NTr
V ′(φ)
z− φ
}
= 0. (2.73)
The seond term an be rewritten as a ontour integral involving the one-
loop orrelator by using the eigenvalue density ρ(λ), while the rst term is
related to the two-loop orrelator. This leads to the standard form of the
loop equations [77℄:∮
C
dω
2πi
V ′(ω)
z−ω
W(ω) = W(z)2 +
1
N2
W(z, z). (2.74)
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The ontour C goes around the ut [a, b] but does not enlose z. The loop
equation an be solved systematially to all orders in 1/N2, that means for
all genera of the random surfaes [78, 79℄. For spherial topology, that means
in the limit N→∞, (2.74) simplies to∮
C
dω
2πi
V ′(ω)
z−ω
W0(ω) = W0(z)
2, (2.75)
where the subsript 0 denotes the genus of the surfaes. By the denition
we know that W0(z) =
1
z
+ O(z−2). Therefore (2.75) an be solved by a
deformation of the ontour C to innity. For a polynomial ation V of degree
n we get:
W0(z) =
1
2
(
V ′(z) −
√
(z− a)(z− b)
∞∑
k=1
Mk[a, b, gi](z− b)
k−1
)
=
∮
C
dω
2πi
V ′(ω)
z−ω
√
(z− a)(z− b)√
(ω− a)(ω− b)
, (2.76)
where the moments Mk are dened as
Mk[a, b, gi] =
∮
C
dω
2πi
V ′(ω)
(ω− a)
1
2 (ω− b)k+
1
2
, (2.77)
and vanish for k > n−1. The endpoints a and b of the ut are self-onsistently
determined by the equations
M−1[a, b, gi] = 2, (2.78)
M0[a, b, gi] = 0, (2.79)
whih are a onsequene of (2.76) together with W0(z) =
1
z
+O(z−2).
For the matrix model (2.58) whih diretly orresponds to triangulated
surfaes, the solution for W0(z) is:
W0(z) =
1
2
V ′(z) + f(µ, z),
f(µ, z) =
g
2
(z− c)
√
(z− a)(z− b), (2.80)
where g = e−µ and c = 1
g
− a+b
2
.
In priniple one ould ompute all higher loop orrelators from (2.76) by
applying the loop insertion operator (2.66), whih gives a omplete solution
of two-dimensional dynamial triangulation for spherial topology.
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In fat, a losed expression for the b-loop orrelators an be obtained if
the small sale details of the theory are adjusted. Instead of the Hermitean
matrix model one onsiders the omplex matrix model with a potential
TrV(φ+φ) =
∞∑
n=1
gn
n
Tr(φ+φ)n, (2.81)
and an integration measure
dφ =
N∏
i,j=1
dℜφijdℑφij. (2.82)
The one-loop orrelator is now dened as
W(z) =
1
N
∞∑
n=0
〈Tr(φ+φ)n〉
z2n+1
, (2.83)
higher loop orrelators are dened analogously. The term Tr(φ+φ)n an
be interpreted as a 2n-sided polygon whose links are alternately oloured
blak and white. These polygons an be glued together as in the Hermitean
matrix model with the additional onstraint that blak links have to be glued
to white links [80℄. Suh short distane details about the gluing should be
unimportant in the ontinuum limit.
The loop equations for this model have been derived in [81℄. Beause of
the symmetry φ→ −φ we have a = −b for the ut of the one-loop orrelator.
The solution for spherial topology is given by [81℄:
W0(z) =
1
2
(
V ′(z) −M(z)
√
z2 − b2
)
,
M(z) =
∮
C∞
dω
4πi
ωV ′(ω)
(ω2 − z2)
√
ω2 − b2
=
∞∑
k=1
Mk[b, gi](z
2− b2)k−1,
Mk[b, gi] =
∮
C
dω
4πi
ωV ′(ω)
(ω2− b2)k+
1
2
. (2.84)
Here C∞ is a ontour around the ut pushed to innity. The position of the
ut is determined by the equation
M0[b, gi] = 2. (2.85)
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The higher loop orrelators are given by the following expressions [81℄:
W0(z1, z2) =
1
4(z21− z
2
2)
2
(
z22
√
z21 − b
2
z22 − b
2
+ z21
√
z22 − b
2
z21 − b
2
− 2z1z2
)
,
W0(z1, z2, z3) =
b4
16M1
1√
(z21 − b
2)(z22 − b
2)(z23 − b
2)
,
W0(z1, . . . , zb) =
(
1
M1
d
db2
)b−3
1
2b2M1
b∏
k=1
b2
2(z2k− b
2)3/2
. (2.86)
In these formulas all dependene on the oupling onstants is hidden in M1
and b. Similar and only slightly more ompliated statements are valid also
for the Hermitean matrix model.
2.2.3 Saling limit and omputation of γ
It has been disussed in setion 2.1.3 that the ensemble of triangulated ran-
dom surfaes has a ritial point µc. The ontinuum limit with a renormal-
ized osmologial onstant Λ is approahed by µ → µc with µ − µc = Λa2,
where a is the lattie spaing. In terms of the oupling onstant g for the
model (2.58) this relation is gc − g ∼ gcΛa
2
, lose to the ritial point. For
the generalized matrix model (2.61) with n oupling onstants we expet
no qualitative hanges exept that the theory will be ritial on a (n − 1)-
dimensional hypersurfae. This hypersurfae is identied by
M1[b(gi), gi] = 0, (2.87)
sine the b-loop orrelators W0(z1, . . . , zb) are exatly divergent for M1 = 0.
Let us denote a point in the ritial hypersurfae by gc,i, i = 1, . . . , n and
the orresponding endpoint of the eigenvalue distribution by bc. If we move
slightly away from the ritial surfae
gi = gc,i(1−Λa
2) = gc,i + δgi, (2.88)
there will be a orresponding hange b2c→ b2c + δb2 whih an be omputed
from (2.85) to be
(δb2)2 = −
16
3M2[bc, gc,i]
Λa2 ∼ δgi. (2.89)
We resale the osmologial onstant suh that b2 = b2c − a
√
Λ. Beause zi
appears in (2.86) always in the ombination (z2i−b
2) it is natural to introdue
a saling of zi by
z2i = b
2
c + aZi. (2.90)
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SineW0(z1, . . . , zb) is the generating funtion for b-loop orrelators, we an
ompute the transition amplitude for b one-dimensional universes of lengths
n1, . . . , nb from it by a multiple ontour integration. The physial lengths of
the loops will be Li = nia. We see that in the ontinuum limit the number
of links ni on the boundaries has to go to innity as a→ 0 if the loops shall
survive. By following this proedure one gets the generating funtional for
marosopi b-loop amplitudes [81℄:
W0(z1, . . . , zb) ∼ a
5−7b
2 W0(Λ, L1, . . . , Lb),
W0(Λ,Z1, . . . , Zb) =
(
−
d
dΛ
)b−3
1√
Λ
b∏
k=1
(Zk+
√
Λ)−
3
2 , (2.91)
for b ≥ 3. The inverse Laplae transform of W0(Λ,Z1, . . . , Zb) in the vari-
ables Zi gives the Hartle-Hawking wavefuntionals of two-dimensional quan-
tum gravity. It an be omputed from (2.91) to be:
W0(Λ, L1, . . . , Lb) =
(
−
d
dΛ
)b−3
1√
Λ
√
L1 · · ·Lb e−
√
Λ(L1+...+Lb). (2.92)
Sine the b-point funtion in two-dimensional quantum gravity should sale
as Λ2−b−γ, we an diretly read o from this expression that
γ = −
1
2
(2.93)
for pure gravity, in agreement with the KPZ-formula (1.14). These alula-
tions an be generalized to arbitrary topology [77, 78, 82, 79℄ and to models
with matter oupled to gravity [83, 84, 62℄ by onsidering multiritial mod-
els whih are obtained by a ne-tuning of the ritial oupling onstants suh
that higher moments vanish as well as M1.
It is a major result that all values of the suseptibility exponent γ om-
puted by these or other methods in the model of dynamially triangulated
quantum gravity agree with the ontinuum formula (1.14) whih has been
derived in setion 1.2.3. In fat, all alulations whih an be done by dynam-
ial triangulation and in the ontinuum approah have so far yielded the same
results. Therefore we identify both theories as the theory of two-dimensional
quantum gravity. Objets like the Hartle-Hawking wavefuntionals and other
orrelation funtions an muh easier be obtained in the disretized approah
whose saling limit yields the theory of two-dimensional quantum gravity.
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2.3 The fratal struture of pure gravity
Another major advane in two-dimensional quantum gravity was made by
the expliit omputation of the two-point funtion for pure quantum gravity
by onstruting a transfer matrix [22℄ and later by using a peeling deom-
position [23℄. The two-point funtion is a natural objet sine it provides
all details about the saling properties of two-dimensional quantum gravity.
The astonishing result of these investigations is that the intrinsi Hausdor
dimension of two-dimensional quantum gravity is four. That means that
even the dimensionality of spaetime is a dynamial quantity.
2.3.1 The geodesi two-loop funtion
Let us dene with T (l1, l2, r) the lass of triangulations with an entrane loop
l1 with one marked link and an exit loop l2, separated a geodesi distane r.
We will also denote the number of links of l1 and l2 with the same symbols.
Then the geodesi two-loop funtion is dened as
G(µ, r; l1, l2) =
∑
T∈T (l1,l2,r)
e−µNt . (2.94)
For r = 0 we have the initial ondition:
G(µ, 0; l1, l2) = δl1,l2 . (2.95)
We introdue the generating funtion for G(µ, r; l1, l2) by
G(µ, r; z1, z2) =
∞∑
l1,l2=1
z
−(l1+1)
1 z
−(l2+1)
2 G(µ, r; l1, l2), (2.96)
with the initial ondition
G(µ, 0; z1, z2) =
1
z1z2
1
z1z2 − 1
. (2.97)
By a two-fold ontour integration the geodesi two-loop funtion an be
reonstruted:
G(µ, r; l1, l2) =
∮
C1
dz1
2πi
zl11
∮
C2
dz2
2πi
zl22 G(µ, r; z1, z2). (2.98)
It is an important observation that the two-point funtion G(µ, r) an be ob-
tained from the geodesi two-loop funtion. Consider the two-loop funtion
with an entry loop of length l1 = 1 whih is equivalent to a marked link,
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and an exit loop of arbitrary length l2 separated a geodesi distane r. We
an lose this surfae by gluing a dis to the boundary l2. The amplitude
W0(l2) of the dis an be omputed from the one-loop orrelator W0(z) by
a ontour integration. An additional fator of l2 arises beause we have to
mark one of the l2 links of the exit loop. Thus we get:
G(µ, r) =
∞∑
l2=1
G(µ, r; 1, l2) l2W0(l2)
=
∮
C
dω
2πi
1
ω
[
z2G(µ, r; z,
1
ω
)
] [
−
∂
∂ω
ωW0(ω)
] ∣∣∣
z=∞ , (2.99)
where C is a ontour around zero. Thus we see that all information about the
saling of the theory an be obtained if the generating funtion of geodesi
two-loop amplitudes an be omputed.
By a step-by-step deomposition of triangulations in T (l1, l2, r) a dier-
ential equation for G(µ, r; z,ω) an be obtained . It is intuitive that any tri-
angulation in T (l1, l2, r) an be deomposed into r rings of thikness one [22℄.
This leads to a transfer matrix formalism for the two-point funtion. Alter-
natively, one an deompose the triangulations by a peeling proedure [23℄.
The dierential equation one obtains is not exat but should be valid lose
to the ritial point of the theory:
∂
∂r
G(µ, r; z,ω) = −2
∂
∂z
[f(µ, z)G(µ, r; z,ω)] , (2.100)
where f(µ, z) is given by (2.80) for triangulated surfaes.
2.3.2 Saling of the two-point funtion
The dierential equation (2.100) an be solved by the method of harater-
isti equations. The result is:
G(µ, r; z,ω) =
f(µ, z^)
f(µ, z)
z^ω
z^ω− 1
, (2.101)
where z^ is the solution to the harateristi equation
dz^(z, r)
dr
= 2f(µ, z^), (2.102)
given by
1
z^(z, r)
=
1
c
−
δ1
c
1
sinh
2
(
−δ0r+ sinh
−1
√
δ1
1−c/z
− δ2
)
+ δ2
. (2.103)
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Here the positive onstants δi sale as
δ0 =
g
2
√
(c − a)(c − b) = O((µ− µc)
1
4 ), (2.104)
δ1 =
(c − a)(c − b)
c(b − a)
= O((µ− µc)
1
2 ), (2.105)
δ2 = −
a(c − b)
c(b − a)
= O((µ− µc)
1
2 ). (2.106)
Now the two-point funtion G(µ, r) an be omputed by inserting (2.101)
into (2.99). Close to the ritial point one obtains [85℄:
G(µ, r) = onst× δ0δ1 osh(δ0r)
sinh
3(δ0r)
(1+O(δ0)). (2.107)
From (2.104) we get:
G(µ, r) = onst× (µ− µc) 34
osh
(
c(µ− µc)
1
4 r
)
sinh
3
(
c(µ− µc)
1
4 r
) , (2.108)
where c =
√
6e−µc is a nonuniversal onstant. To read o the ritial be-
haviour of the theory we only have to analyze the asymptoti behaviour of
the two-point funtion for large and for small distanes. We see that:
 G(µ, r) falls o exponentially as e−2c(µ−µc)
1
4 r
, for r→∞. Thus the sus-
eptibility exponent equals ν = 1
4
and the intrinsi Hausdor dimension
dH of pure two-dimensional quantum gravity equals four.
 For 1 ≪ r ≪ (µ − µc)−14 the two-point funtion behaves like r−3,
that means the anomalous saling dimension is η = 4. For ordinary
statistial systems η is smaller than two. It is remarkable, that the
ritial exponents of the theory still satisfy Fisher's saling relation
γ = ν(2− η).
 Any geodesi two-loop funtion G(µ, r; l1, l2), whih an be omputed
from (2.98) and (2.101) fullls the same saling relations as the two-
point funtion, provided that l1 and l2 stay nite in the limit µ→ µc.
 The ontinuum limit of the two-point funtion is given by
G(Λ, R) = CΛ
3
4
osh
(
cΛ
1
4R
)
sinh
3
(
cΛ
1
4R
) , (2.109)
where C is a onstant.
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2.4 Conlusion
In this hapter we have demonstrated, how to use disretized systems to de-
sribe two-dimensional quantum gravity. In two dimensions, the ontinuum
theory of quantum gravity and the theory of dynamial triangulations agree
with eah other in that region, where the ontinuum theory an be evaluated,
that means for matter with entral harge D ≤ 1 oupled to gravity. The
ontinuum limit of dynamial triangulations in two dimensions an therefore
be identied with the ontinuum theory.
In fat, the disretized approah is more powerful than the ontinuum
approah in the sense that natural observables like the Hartle-Hawking wave-
funtionals an be omputed. Also the two-point funtion for pure quantum
gravity an be obtained. This objet is of entral interest when questions
about the saling of the theory are to be addressed.
On the tehnial side we have reviewed matrix models, whih have de-
veloped a status of interest on their own beyond dynamial triangulation in
string theory and in ondensed matter theory.
Sine there is at present no suessful way to nd a ontinuum theory of
quantum gravity in higher dimensions than two, it is natural to ask, whether
suh a theory ould be dened as the saling limit of the orresponding higher
dimensional disretized theory. It turns out that dynamial triangulation an
be dened in three and four dimensions and that these theories have a phase
transition similar to the two-dimensional ase. While there has been some
analytial progress in the understanding of entropy bounds on the number of
triangulations in higher dimensions [86℄ most work in this eld is numerial.
Questions about the nature of the phase transition in four dimensions are
not settled yet and exiting researh remains to be done.
Chapter 3
The failure of quantum Regge
alulus
In the ontinuum path integral formulation of quantum gravity we are in-
struted to ompute the integral∫
D[gµν]e−SEH(g) ≡
∫ Dgµν
vol(Di)
e−SEH(g) (3.1)
over dieomorphism lasses of metris weighted with the exponential of the
Einstein-Hilbert ation, as has been disussed in hapter 1. Two dierent
disretization shemes have been suggested. One, dynamial triangulation,
provides a regularization of the funtional integral (3.1). An expliit uto is
introdued and one sums over all (abstrat) triangulations with equilateral
d-simplies of a d-dimensional manifold M, ompare hapter 2.
A dierent attempt to disretize the funtional integral (3.1), alled quan-
tum Regge alulus (QRC), has been suggested, see [87, 88, 89℄ for reviews
and referenes. This formalism is losely related to the lassial oordinate
independent Regge disretization of general relativity: One xes a (suitably
hosen) triangulation, while the dynamial degrees of freedom are the L link
lengths. Thus the funtional integration in (3.1) is replaed by
∫
dµ(l1, . . . , lL) ≡
∫∞
0
L∏
i=1
dli J(l1, . . . , lL) δ(∆), (3.2)
where J(l1, . . . , lL) is the Jaobian of the transformation dgµν(ξ) → dli.
The integral in (3.2) is over all link length assignments onsistent with the
triangle inequalities, as denoted by the delta funtion δ(∆). While it provides
a disretization of the integration in (3.1), this replaement does not provide
a regularization of (3.1). Contrary to dynamial triangulation, no uto has
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to be introdued [90℄. One an of ourse hoose to work with a uto whih
has to be taken to zero at the end of the omputations. This will not make
any dierene in the argumentation below.
The Jaobian in (3.2) is very ompliated and its form is presently un-
known. For analytial and numerial investigations it is usually replaed by
loal measures of the form
∏L
i=1 f(li).
If a sensible ontinuum limit of this theory existed, it would be ap-
proahed by taking the number L of links in the triangulation to innity
at a ritial point of the statistial ensemble dened by (3.2) and by the dis-
retized Einstein Hilbert ation. For this limit to make sense, the resulting
ontinuum theory should not depend on details of the disretized theory like
the hosen xed triangulation or the loal measure f(li).
It is one entral objetive of this hapter to show analytially that suh a
ontinuum limit of quantum Regge alulus in its present formulation annot
be dened in any dimension d > 1.
Suh a result has been indiated by simulations in two-dimensional quan-
tum Regge alulus [91, 92, 93℄. These simulations revealed that the KPZ-
exponents (1.14) for the suseptibility of onformal matter oupled to on-
tinuum quantum gravity ould not be obtained. This has often been alled
the failure of quantum Regge alulus. Most disussion about this failure
to reprodue ontinuum results in two dimensions has been entered around
the hoie of the measure.
In the rst part of this hapter some notation is introdued. In the
seond part we disuss the measures whih have been suggested and used in
the ontext of quantum Regge alulus. In the third part we show that in
two dimensions all disussed measures for Regge alulus fail to reprodue
ontinuum results. Not even the onept of length an be dened [2℄. In the
onlusion we disuss the situation in higher dimensions. We give a short
review of an alternative approah, in whih the ontinuum funtional integral
over metris is restrited to pieewise linear metris [94℄.
This hapter is partly based on work presented in [2℄.
3.1 Formulation of quantum Regge alulus
Let us x the onnetivity of a triangulation with V verties1, T triangles
and L links of lengths l1, . . . , lL of a two-dimensional losed manifold M
with Euler-harateristi χ. The number of links an also be expressed as
1
We denote the volume of manifolds with the same symbol V . No onfusion should arise.
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L = 3V − 3χ. We view the interior of the simplies as at. As explained
in setion 2.1.1 the urvature of this pieewise linear spae is onentrated
at the verties and eah assignment of link lengths uniquely determines a
metri on M. For a triangle this metri an be written as
gµν =
(
x1
1
2
(x1 + x2 − x3)
1
2
(x1 + x2 − x3) x2
)
, (3.3)
where the squared edge lengths are dened as xi = l
2
i , i = 1, . . . , L. The
area A of a single triangle an be expressed as
A =
∫
d2ξ
√
g(ξ) =
1
2
√
g =
1
2
√
x1x2 −
1
4
(x1 + x2 − x3)2. (3.4)
Sine in quantum Regge alulus the link lengths are the dynamial vari-
ables one attempts to replae the funtional integration over equivalene
lasses of metris by an integration over all link length assignments whih
orrespond to dierent geometries. Clearly, this replaement∫
D[gµν] =
∫ Dgµν
Vol(Di)
→ ∫ L∏
i=1
dli J(l1, . . . , lL)δ(∆) ≡
∫
dµ(l1, . . . , lL) (3.5)
involves a highly non-trivial Jaobian J(l1, . . . , lL). The integration is over
all link lengths ompatible with the triangle inequalities. But not all assign-
ments of link lengths dene independent geometries as an be seen in the
at ase. All verties an be moved around in the plane, hanging the link
lengths without hanging the at geometry. The Jaobian has to be suh
that this additional invariane is divided out of the integral.
Thus, we obtain an L = 3V − 3χ-dimensional subspae of the innite
dimensional spae of equivalene lasses of metris. Quantum Regge alulus
replaes the funtional integration in (1.1) by an integral over this nite
dimensional subspae. It is hoped that in the limit L→∞ expetation values
of observables onverge in some suitable way to their ontinuum values.
3.2 Regge integration measures
Presently, the form of the Jaobian in (3.5) is not known. However, by ap-
pealing to universality one might assume that the hoie of this measure is
not very important. A large number of measures have been suggested and
tried out in numerial experiments to study whether quantum Regge al-
ulus in its present form agrees with the results of ontinuum alulations
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and dynamial triangulations in two dimensions. The result of these inves-
tigations is negative. In this setion we will dene the most important and
ommon of these measures and study some of their properties.
3.2.1 DeWitt-like measures
One possible way to onstrut a measure for quantum Regge alulus in
terms of the link lengths is to repeat the onstrution in setion 1.2.1 with
the onstraint that the deformations of the metri are allowed by quantum
Regge alulus. For an alternative disussion see [89℄ where the orrespond-
ing metri is alled Lund-Regge metri, refering to an unpublished work by
Lund and Regge. However, sine the starting point of our disussion is the
DeWitt metri we rather all the measure a DeWitt-like measure. Note how-
ever that it is not the DeWitt measure restrited to pieewise linear metris.
This will be given in setion 3.4.2.
For a single triangle the variation of the metri (3.3) in terms of the δxi
is given by
δgµν =
(
δx1
1
2
(δx1 + δx2 − δx3)
1
2
(δx1 + δx2 − δx3) δx2
)
. (3.6)
Using this and the DeWitt metri, the salar produt 〈δg, δg〉T, whih has
been dened in setion 1.2.1 an be omputed for a single triangle with area
A. It turns out that it simplies onsiderably when we use the anonial
value −2 for the parameter C in the DeWitt metri:
〈δg, δg〉T =
∫
d2ξ
√
g(ξ) δgµν(ξ)G
µν,αβδgαβ(ξ)
=
A
2
(
2δgµνg
µαgνβδgαβ+ Cδgµνg
µνgαβδgαβ
)
= −2A det(δgµν) det(g
µν), for C = −2. (3.7)
Using (3.3) and (3.6) leads to
〈δg, δg〉T = [ δx1, δx2, δx3 ] 1
16A

 1 −1 −1−1 1 −1
−1 −1 1



 δx1δx2
δx3

 . (3.8)
For a general two-dimensional triangulation this line element is given by the
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sum of (3.8) over all triangles:
〈δg, δg〉T =
∑
t
∫
d2ξ
√
gt(ξ) δgtµν(ξ)(G
t)µναβδgtαβ(ξ)
= [ δx1, . . . , δxL ]M


δx1
.
.
.
δxL

 . (3.9)
Here M is an L × L matrix. Mij is the element orresponding to the links
li and lj. If both li and lj belong to the same triangle t with area At the
orresponding non-diagonal entry is
Mij = Mji = −
1
At
. (3.10)
All other o-diagonal entries are zero. It follows that M has four nonvanish-
ing o-diagonal entries in eah row. Diagonal entries are given by
Mii =
1
At1
+
1
At2
, (3.11)
where t1 and t2 are the two triangles whih ontain li. From the i'th row of
M the produt (At1At2)
−1
an be fatorized. Sine eah triangle has three
sides, this amounts to fatorizing
∏T
k=1A
−3
k from the determinant of M:
detM =
T∏
k=1
A−3k
∣∣∣∣∣ A1 +A2 −A2 −A2 −A1 −A1 0 . . .. . .
∣∣∣∣∣
=: P(A1, . . . , AT)
T∏
k=1
A−3k . (3.12)
P(A1, . . . , AT) is a polynomial in the areas of the triangles whih vanishes,
whenever two adjaent triangle areas vanish. It follows diretly that P is a
highly nonloal funtion of the areas, sine eah monomial of P must ontain
at least half of the triangles.
Therefore the DeWitt-like integration measure for quantum Regge alu-
lus is given by
dµ(l1, . . . , lL) = onst×
√
P(A1, . . . , AT)∏T
k=1A
3/2
k
L∏
j=1
ljdlj δ(∆). (3.13)
On a rst glane there are similarities with the ontinuum measure (1.55).
Using g(ξ) ∼ A2 we see that the power of the \loal areas" in both measures
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equals −3/2. However, reparametrization invariane xes the ontinuum
measure ompletely, while in the disretized version (3.8) might be multiplied
by the dieomorphism invariant area fator A1−2β/3, leading to the measure
dµ(l1, . . . , lL) = onst×
√
P(A
2β
3
1 , . . . , A
2β
3
T )∏T
k=1A
β
k
L∏
j=1
ljdlj δ(∆). (3.14)
This generalization stresses the fat that the power of the areas is not xed
in quantum Regge alulus by any obvious priniple sine the areas are dif-
feomorphism invariant quantities with no diret loal interpretation in the
ontinuum.
The measure (3.14) is highly nonloal and thus not suited for numeri-
al simulations. Below we will show that it does not reprodue ontinuum
physis.
3.2.2 The DeWitt-like measure in other dimensions than two
We an perform the derivation of the DeWitt-like measure in one and in
higher dimensions. A one-dimensional pieewise linear manifold onsists of
L links of lengths li (xi = l
2
i), i = 1, . . . , L, whih are glued together at
their ends. The anonial metri is thus given by giµν = (xi). Therefore the
DeWitt metri gives:
〈δg, δg〉T = (1+ C
2
)
L∑
i=1
x
−3
2
i (δxi)
2. (3.15)
Thus the DeWitt-like measure in one dimension is
dµ(l1, . . . , lL) = onst×
L∏
i=1
dli
l
1
2
i
. (3.16)
In this ase the measure is loal. The fator (1 + Cd
2
) fatorizes as in the
ontinuum. Note that in d = 1 we annot use the anonial value C = −2
for C sine the DeWitt metri would be singular.
In higher dimensions the situation is more ompliated. For a d-simplex
the measure is derived from the salar produt
〈δg, δg〉T = δxMdδx, (3.17)
where δx is the
d(d+1)
2
-dimensional vetor assoiated with link length defor-
mations of the d-simplex. As in two dimensions, the omplete norm for the
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triangulation an be written as a straightforward superposition of the matri-
es Md. However, in dimensions larger than two, the entries of this matrix
Mtotald depend on the xi's. In general, the measure is given by
dµ(l1, . . . , lL) = onst×
√
detMtotalD
L∏
i=1
lidli δ(∆), (3.18)
where δ(∆) now stands for the generalized triangle inequalities. As an exam-
ple we have omputed the measure for the simplest losed three-dimensional
manifold whih onsists of two tetrahedra glued together along the six links.
The result is
dµ(l1, . . . , l6) = onst× 1
V
6∏
i=1
lidli δ(∆), (3.19)
where V is the 3-volume of the manifold.
Note that also in four dimensions, where the DeWitt metri is simply∏
ξ∈M
∏
µ≤νdgµν, the determinant ofM
total
d does not evaluate to a onstant,
not even for the simplest 4-geometries.
3.2.3 The DeWitt-like measures for speial geometries
We have not been able to obtain a general losed expression for the polyno-
mial P. However, in a number of speial ases it is possible to nd expliit
expressions for the measure (3.13) whih an immediately be generalized for
the measure (3.14) [2℄.
The easiest ase of a losed pieewise linear manifold are two triangles of
area A glued together along the three links. The measure is
dµ(l1, l2, l3) = onst× 1
A
3
2
3∏
j=1
ljdlj δ(∆). (3.20)
A tetrahedron has six links and four faes. The determinant of the 6× 6
matrix M an be omputed. The measure is given by
dµ(l1, . . . , l6) = onst×
∑4
i=1Ai∏4
i=1Ai
6∏
j=1
ljdlj δ(∆). (3.21)
Several other more ompliated examples are possible. As a last example
we display the measure for a hedgehog geometry whih onsists of K hat-like
building bloks suh as the one shown in gure 3.1. This blok onsists of
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Figure 3.1: Building bloks for the hedgehog geometry whih onsists
of K of these bloks glued together along the links lak and lbk .
two triangles with areas A2k−1 and A2k respetively, glued together along the
links l2k−1 and l2k. The hedgehog geometry is built by gluing these elements
together along the links lbk and lak+1 suessively. After this gluing the
verties x and y have the order 2K, while the other verties are of order two.
Although this geometry might seem a bit artiial it plays an important role
in the analysis of the phase transitions of two dimensional quantum gravity
oupled to matter elds [69℄. The matrixM for this geometry an be written
in a blok diagonal form. Its determinant an be omputed, resulting in the
measure
dµ(l1, . . . , l3K) = onst×
∏3K
j=1 ljdlj∏2K
k=1A
3/2
k
K∏
k=1
(A2k−1 +A2k)
1/2
×
∣∣∣∣∣
K∏
k=1
A2k+ (−1)
K−1
K∏
k=1
A2k−1
∣∣∣∣∣ . (3.22)
For an even number of elements this measure vanishes whenever the produt
over the even areas equals the produt over the odd areas. For odd K, the
measure is always positive. Clearly, this points to a severe sikness of the
measure (3.13).
3.2.4 Commonly used measures
As has been mentioned above, the DeWitt-like measures (3.14) are not suited
for numerial simulations. Also, we have demonstrated, that the measure in
quantum Regge alulus is not xed as in the ontinuum ase. Therefore it
is natural to searh for other, loal measures for whih a sensible ontinuum
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limit an be dened. The priniple of universality should ensure that all
reasonable hoies of the measure result in the same ontinuum theory.
For numerial simulations in two-dimensional quantum Regge alulus, a
number of loal measures have been suggested [87, 95, 96℄. In all ases these
are of the form
dµ(l1, . . . , lL) =
1∏T
j=1A
β
j
L∏
i=1
l−αi dli δ(∆), (3.23)
for some parameter α or β, or derived from this2. These measures are arrived
at by intuitively translating the ontinuum measure
∏
ξ∈M
∏
µ≤νdgµν as∏L
i=1 lidli and by replaing the produt
∏
ξ∈Mg(ξ)
σ
by the produt of the
\loal" areas
∏T
k=1A
2σ
k . The most popular hoies are the sale invariant
measure
∏L
i=1
dli
li
and the uniform measure
∏L
i=1dxi ∼
∏L
i=1 lidli.
Motivation for the rst of these measures is often suggested by an analogy
to the sale invariant ontinuum-measure
Dgµν =
∏
x∈M
g(x)−
d+1
2
∏
µ≤ν
dgµν(x), (3.24)
whih has been advoated for four-dimensional quantum gravity in [97, 98℄.
However, this measure is not dieomorphism invariant, as has been stressed
in setion 1.2.1, although the opposite has been laimed and \proved" by
wrong formal arguments [98, 99℄. The DeWitt measure is the only dieo-
morphism invariant measure for ontinuum quantum gravity. Therefore the
measure (3.24) annot replae the DeWitt measure in ontinuum quantum
gravity and any translations to disretized versions should be avoided.
Also the DeWitt-like measure (3.13) annot be used to motivate (3.23)
in dimensions higher than one, sine (3.13) is highly nonloal while the mea-
sures (3.23) are loal. Note that also in four dimensions, where the DeWitt
measure is simply ∏
x∈M
∏
µ≤ν
dgµν(x), (3.25)
the disrete DeWitt-like measure is very ompliated and highly nonloal
and does not equal the uniform measure (3.23) with α = −1 and β = 0, not
even for the simplest 4-geometries. This learly shows that translations like∏
x∈M
g(x)σ
∏
µ≤ν
dgµν(x)→ T∏
j=1
A2σj
L∏
i=1
lidli δ(∆) (3.26)
2
Sometimes the produt over all triangle areas is replaed by the produt over all areas
assigned to the links. In our arguments this is not important and orresponds to hoosing
another value for the parameters α and β.
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or similar are far too simple minded, sine the Jaobian of this variable
transformation is not taken into aount. The orret treatment of the dif-
feomorphisms and the Jaobian leads to the results in setion 3.4.2.
However, it has been argued that, appealing to universality, the preise
form of the measure need not to be known. In the ontinuum limit, av-
erages of observables should result in their ontinuum values independent
of details of the disretization like the exponents α and β in (3.23) or the
underlying onnetivity of the pieewise linear spae. But numerial simula-
tions revealed that averages of observables in the ontext of quantum Regge
alulus
 do not reprodue results of ontinuum quantum gravity. In two dimen-
sions not even the KPZ exponents (1.14) ould be obtained.
 show a signiant dependene on the measure.
 show a signiant dependene on the underlying triangulation.
These are serious aws in the Regge approah to quantum gravity.
3.2.5 Numerial simulations in two-dimensional quantum Regge
alulus
Quantum Regge alulus has repeatedly been used for numerial simulations
in two, three and four dimensions. However, its status as a theory of quantum
gravity remained unlear even in two dimensions. To larify this situation,
two groups have reently performed large sale numerial investigations in
two dimensions where it is possible to ompare with ontinuum results.
Bok and Vink [91℄ have performed a Monte Carlo simulation of two-
dimensional Regge alulus applied to pure gravity. They added the term
β
∫
M
d2ξ
√
g R2 (3.27)
to the ation. Suh urvature square terms have been introdued in the
ontext of four-dimensional quantum gravity to overome the unboundedness
of the Einstein-Hilbert ation from below, whih is indued by onformal
utuations [100℄. In two dimensions this term is the only nontrivial part of
the ation. Its disretized version an be written as
β
V∑
i=1
δ2i
A(i)
, (3.28)
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h 0 (sphere) 1 (torus) 2 (bitorus)
γ in Liouville theory −0.5 2 4.5
γ in QRC from [91℄ ' 5.5 ≅ 2.0 ' 5.5
Table 3.1: Values for the suseptibility exponent γ for pure two-
dimensional gravity at dierent topologies as omputed in Liouville
theory ompared to the values from the Monte Carlo simulation in [91℄.
Bok and Vink do not give error bars for their values. However, the
deviation from the Liouville values is signiant.
where δi is the deit angle at the vertex i and A(i) is the area assigned to
the vertex i by a baryentri division of the triangle areas around i. The
addition of this term to the ation allows a saling analysis whih gives the
suseptibility exponent γ. This exponent an for example be dened as an
entropy exponent for the partition funtion
Z(V) ∝ V3−γeΛcV, (3.29)
where the dominant exponential is nonuniversal and the universal part is
given by the subleading power orretion. Continuum alulations show,
that for pure gravity γ is given by
γ = 2−
5
2
(1− h), (3.30)
ompare (1.14). It has been shown in [71, 101℄, that the addition of a small
urvature square term does not hange the value of γ in dynamial triangu-
lation.
To be onservative, Bok and Vink used the sale invariant measure (3.23)
with α = 1 and β = 0 for their simulations. This enabled them to om-
pare their results with previous alulations [96℄, where agreement between
quantum Regge alulus and the formula (3.30) has been reported. They
omputed the suseptibility exponent for the topology of a sphere (h = 0), a
torus (h = 1) and a bitorus, that means a sphere with two handles (h = 2).
The results are ompared with the ontinuum values in table 3.1. For spher-
ial and bitoroidal topology they found that γ in quantum Regge alulus
diers signiantly from Liouville theory. That means that quantum Regge
alulus does not reprodue the fundamental KPZ-result (3.30). Note that
the torus topology is not well suited to test the KPZ formula (1.14). For
h = 1 γ is independent of the onformal harge of the matter oupled to
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gravity. Furthermore γ takes the same value 2 in the lassial ase without
metrial utuations (c = −∞) and in the quantum ase.
The results of Bok and Vink have rst been onrmed [102℄ and later
been questioned [103, 104℄ by Holm and Janke. Using a very areful nite
size saling ansatz for pure quantum gravity on a xed random triangulation
of the sphere, they arrive at the value γ = −10(2) for the suseptibility
exponent [93℄, in the same setup. This is in lear disagreement with the
predition from Liouville theory and with the omputations in [91, 96℄.
Using an alternative measure similar to (3.23) with α = 0 and β = 1
2
it was
found in [102℄ that a saling an no longer be observed and one enounters
numerial diÆulties. The observables did not reah equilibrium values. A
similar hange in the saling behaviour was observed in [91℄. The value of
γ is hanged when the sale invariant measure is replaed by
∏L
i=1
dli
li
lζi , for
ζ 6= 0. Furthermore it has been demonstrated in [93℄, that the results of
quantum Regge alulus depend on the hosen xed triangulation.
3.3 The appearane of spikes
In this setion we will show, that two-dimensional quantum Regge alulus
does not reprodue results of ontinuum quantum gravity with any of the
proposed measures mentioned above [2℄.
Let us reall that the partition funtionG(V, R) for losed two-dimensional
universes with xed volume V and with two marked points separated a
geodesi distane R has the asymptoti behaviour (1.33)
G(V, R) ∼ V−1/4e
−
(
R
V1/4
) 4
3
, for
R
V1/4
→∞. (3.31)
Thus the expetation value of any power of the radius R an be alulated
as
〈Rn〉 =
∫∞
0
dr rnG(V, r) ∼ Vn/4. (3.32)
We an show that (3.32) is not fullled in quantum Regge alulus.
The physial reason is, that ontrary to ontinuum quantum gravity in
two dimensions, the volume, or equivalently the osmologial onstant, does
not set an intrinsi sale for the theory. It follows that the onept of length
has no natural denition in this formalism and that every generi manifold
degenerates into spikes.
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3.3.1 General proof of appearane
Theorem 1 For any value of α or β in (3.14) and (3.23) there exists an
n suh that for any link l in a given arbitrary triangulation
〈ln〉V =∞ (3.33)
for any xed value V of the spaetime volume. Thus the average radius
〈R〉, or some suitable power 〈Rn〉, does not exist [2℄.
Proof: In the situation of gure 3.2, whih displays a small part of the piee-
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N+2
2
1
N
v
lN+1
N+3
2Nl
l
l
3l
l
l
AA
A
1
N+12
3
NA
A
Figure 3.2: Parametrization of the link lengths and the triangle areas
in a part of the pieewise linear manifoldM. The vertex v is of order N.
A spike an be formed by making the links l1, . . . , lN arbitrary large.
When the area of the surfae is xed, the link lengths lN+1, . . . , l2N
have to be small of order 1/l1.
wise linear manifold M, the vertex v has the arbitrary order N. The links
onneted to v are labelled as l1, . . . , lN, while the links opposite to v are
labelled as lN+1, . . . , l2N. We want to analyze the Regge integral in that part
of the phase spae where the vertex v is pulled to innity and forms a spike
while the volume of M is held bounded. In this situation the link lengths
l1, . . . , lN are large, while the link lengths lN+1, . . . , l2N have to be of the
order l−11 .
First we analyze the measure (3.23) with β = 0. Let Λ be a large num-
ber. Then l1 an be integrated freely between Λ and innity, while the
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integration over l2, . . . , lN is restrited by triangle inequalities. The inte-
gral over l2, . . . , lN gives a fator l
(1−N)α
1 (lN+1 . . . l2N)
N−1
N
after symmetrizing
over lN+1, . . . , l2N. An additional fator lN+1 . . . l2N omes from the triangle
inequalities for the adjaent triangles whih ontain the links lN+1, . . . , l2N.
Taking these fators together results in
∫∞
Λ
dl1 l
−Nα
1
∫ Λ
l1
0
dlN+1 . . . dl2N (lN+1 . . . l2N)
2N−1
N
−α, (3.34)
whih exists if
α < 3−
1
N
. (3.35)
If that is fullled, the integral over lN+1 . . . l2N an be performed, whih gives
∫∞
Λ
dl1 l
−Nα
1
(
Λ
l1
)N( 3N−1N −α)
∼
∫∞
Λ
dl1 l
1−3N
1 . (3.36)
This means that 〈ln1〉 = ∞ for all n ≥ 3N − 2, whih proves the theorem 1
for the measure (3.23) with β = 0..
To disuss the general form of (3.23) we have to parametrize the areas
A1, . . . , A2N. In our situation these are given as the produts of a small and
a large link length if v is pulled to innity. Thus the produt
∏T
j=1A
−β
j gives
an extra fator (l1 . . . lN)
−β(lN+1 . . . l2N)
−2β
. After integrating over l2, . . . , lN
and after taking the triangle inequalities into aount we get:
∫∞
Λ
dl1 l
−N(α+β)
1
∫ Λ
l1
0
dlN+1 . . . dl2N (lN+1 . . . l2N)
2N−1
N
−α−2β, (3.37)
whih exists if α+ 2β < 3− 1
N
. Then the integrals an be omputed to give∫∞
Λ
dl1 l
1+N(β−3)
1 . (3.38)
Thus for all n ≥ N(3− β) − 2 the expetation value of ln1 is innite.
For the measure (3.14) the same analysis an be repeated if one notes,
that from the nonloal fator
√
P(A
2β/3
1 , . . . , A
2β/3
T ) the produt
∏L
i=1 l
β/3
i
an be split of. It turns out that this doesn't hange the result and we
get again (3.38). This ompletes the proof. We denote 〈ln〉 = ∞ as the
appearane of spikes.
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3.3.2 Spikes in speial geometries
Clearly, if a disretized theory shall make any sense, the results should not
depend on details like the hosen triangulation. In fat however, the proof
of theorem 1 shows, that 〈ln〉 depends ruially on the order of the verties,
to whih the link l is attahed. To illustrate this dependene of quantum
Regge alulus on the underlying triangulation further, we analyze some
speial geometries in the same way as in the proof to theorem 1. For some
geometries even the partition funtion is ill dened for some measures, while
for other measures or geometries 〈ln〉 might be nite for some values of n.
Spikes in a hexagonal geometry
l6 k+1
l6 k+6
...
l6 m+1
lak
lam
lbk
lbm
lck
lcm
Figure 3.3: Parametrization of a hexagonal geometry; k 6= m. All
enters of the ells, whih are marked by thiker lines form spikes.
We analyze a regular triangulation with torus topology in whih all ver-
ties have the order 6, onsisting of K hexagonal ells and parametrized as
in gure 3.3. We want to study the measure (3.23) in that part of the on-
guration spae, where all enters of ells form spikes while the total area of
the surfae is held bounded to prevent exponential damping from the ation.
That means that the 6K link lengths li, i = 1, . . . 6K are very large while the
3K link lengths lak , lbk , lck , k = 0, . . . , K − 1 are very small, of order l
−1
1 . In
ell number k one link, say l6k+1 an be integrated freely from a large number
Λ to innity, while the integration over l6k+2, . . . , l6k+6 is then onstrained
by the triangle inequalities. Integrating these out and symmetrizing over the
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small links lak , lbk , lck , k = 0, . . . , K− 1 gives∫∞
Λ
K∏
k=1
l
−6(α+β)
6k+1
∫ Λ
l6k+1
0
K∏
k=1
(laklbklck )
5
3
−α−2βdlakdlbkdlck . (3.39)
Thus the integral over lak , lbk , lck only exists if α + 2β <
8
3
. Furthermore
〈ln1〉 =∞ if n ≥ 7+ 3α.
For the measure (3.14) we extrat a fator
∏L
i=1 l
β
3
i from the nonloal
fator. Performing the analysis gives the bound β < 11
5
on β. 〈ln1〉 is innite
if n ≥ 4− β. These results are summarized in table 3.2.
Spikes in a 12-3 geometry
Similarly we an analyze the integration measures for quantum Regge alu-
lus for a triangulation of the torus where two thirds of the verties have order
3 and one third of the verties have order 12, see gure 3.4. We onsider that
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Figure 3.4: Illustration of the 12-3 geometry. All verties of order 3
form spikes suh that the total area of the surfae is held bounded from
above, to prevent exponential damping from the ation.
part of the onguration spae where all verties of order 3 form spikes. The
bounds on the exponents α and β in (3.23) and (3.14) are depited in table
3.2. The resulting bounds are sharper beause the order of the verties whih
form spikes is lower whih leaves less geometrial restrition. For α ≤ −1
the the average of a link length annot be dened with the measure (3.23)
(independent of β). The same holds true for the measure (3.14) if β > 0.
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Spikes in degenerate geometries
One an get sharper bounds for geometries with verties of order two, like
the hedgehog geometry introdued in setion 3.2.3. As explained in that
setion, these geometries do our in phases of simpliial quantum gravity
in the framework of dynamial triangulation and it would be unnatural to
forbid their ourrene as basially loal parts of very large triangulations.
As a rst example we analyze the situation for the geometry shown in
Figure 3.5: A degenerate geometry whih has two verties of high
order while all other verties are of order 4. Spikes an be formed in
several ways. In the text we analyze the behaviour in that part of the
phase spae where every seond vertex of order 4 forms a spike.
gure 3.5 whih has two verties of high order while all other verties are of
order 4. This is slightly more regular than the hedgehog geometry assoiated
with gure 3.1. In table 3.2 we present the results from our analysis of the
situation, where every seond vertex of order 4 forms a spike. While with
measure (3.23) 〈l2〉 is undened for α ≤ −1, the DeWitt-like measure (3.13)
does not even admit the omputation of the average 〈l〉.
For the hedgehog geometry these measures themselves are illdened, see
table 3.2. Measure (3.23) is illdened for α = −1 (the uniform measure),
while for instane for the sale invariant measure (3.23) with α = 1 and
β = 0 expetation values of l2 and higher are innite.
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Geometry Measure Bounds Values of n
s.t. 〈ln〉 =∞
hexagonal, (3.23) α+ 2β < 8
3
, −7
3
< α n ≥ 7+ 3α
see gure 3.3 (3.14) β < 11
5
n ≥ 4− β
12-3, see (3.23) α+ 2β < 7
3
, −5
3
< α n ≥ 5
2
+ 3
2
α
gure 3.4 (3.14) β < 2 n ≥ 1− β
2
degenerate, (3.23) α+ 2β < 5
2
, −2 < α n ≥ 4+ 2α
see gure 3.5 (3.14) β < 21
10
n ≥ 2− 2β
3
hedgehog, see (3.23) α+ 2β < 2, −1 < α n ≥ 1+ α
setion 3.2.3 (3.14) β < 0 n ≥ −β
3
Table 3.2: Bounds for the exponents α and β for the measures (3.23)
and (3.14) and values of n suh that 〈ln〉 =∞ for various geometries.
3.4 Conluding remarks
3.4.1 The appearane of spikes in higher dimensions
Although the derivation in the last setion has been given only for the two-
dimensional ase, we expet, that one has to deal with the same problems
in higher-dimensional quantum Regge alulus. The measures (3.23) have
obvious generalizations in higher dimensions. An extra problem in higher
dimensions is the unboundedness of the ation whih an be overome by
adding a uto involving for instane a urvature squared term. However,
if the uto is taken to zero, we expet the spikes to reemerge. Atually,
this has been observed in numerial simulations [105, 106℄. In [106℄ four-
dimensional quantum Regge alulus is explored on a xed but not regular
triangulation of the 4-torus. The triangulation is onstruted from a regular
triangulation with 31 verties following [107℄ by inserting three additional
verties with low order. While in the onventional regular triangulation of
the 4-torus all verties are of order 30, the additional verties are of order 5.
The Einstein-Hilbert ation plus a osmologial onstant term is disretized
in the usual way. A uto is introdued by the requirement that the loal
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fatness
φs = 576
V2s
maxli∈s(l
8
i)
(3.40)
for every 4-simplex s is held bounded away from zero, φs ≥ f = onst > 0.
Here we have introdued the 4-volume Vs of the simplex s. The fatness is
maximal for equilateral simplies and vanishes for ollapsing ones.
For the integration over the link lengths li the measure
dµ(l1, . . . , lL) =
L∏
i=1
l2σ−1i dliδ(∆) (3.41)
has been hosen for σ between 0 and 1. In gure 1 of [106℄ the expe-
tation value of l2i is depited as a funtion of the uto f at the values
f = 2m10−6, m = 9, . . . , 0 for σ = 1, σ = 1
2
and σ = 1
10
. For σ = 1 and
σ = 1
2
this expetation value tends to innity if the uto is removed while
for σ = 1
10
the situation annot be deided from the numerial data in [106℄.
From the gure we dedue that the behaviour of 〈l2i〉 is a power of f:
〈l2i〉 ∼ f−0.26(2), for σ = 1, (3.42)
〈l2i〉 ∼ f−0.16(1), for σ =
1
2
. (3.43)
This learly demonstrates the appearane of spikes in four dimensions and
shows that one has to expet the dependene of the physial results on the
hoie of the measure and on the hoie of the xed triangulation in four
dimensions as well as in two dimensions.
3.4.2 The role of dieomorphisms in two dimensions
While we have shown that quantum Regge alulus in its present form is
not a suitable andidate for a theory of quantum gravity it is an interesting
question, whether one an develop a theory of quantum gravity in the spirit
of quantum Regge alulus.
A promising alternative approah to the funtional integration (1.1) was
studied in [108, 94, 109℄. The integration over all metris modulo dieomor-
phisms is replaed by the ontinuum funtional integral over pieewise linear
metris with a nite number of singularities modulo dieomorphisms. The
singularities are the V verties of the pieewise linear spae at whih the
urvature is loated.
This approah is remarkable sine at eah stage in the alulations dieo-
morphisms are treated exatly. Thus it inludes all metris whih are related
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to a pieewise linear metri by dieomorphisms. It turns out, that this is
suÆient to reprodue a disretized form of the Liouville ation. Therefore
it is believed, that for V →∞ this disretized version approahes the ontin-
uum expressions in some sense. No ad ho assumption about the form of the
measure has to be made. Note that the onnetivity of the pieewise linear
spae is not xed. In partiular, all metris of dynamial triangulation are
ontained in this approah.
We will give a short review of these ideas for the two-dimensional ase. As
in the ontinuum alulations, the starting point is the DeWitt metri. Sine
the redution of the degrees of freedom involves only geometries but not dif-
feomorphisms, the gauge xing whih leads to (1.72) an be performed in the
same way as in the ontinuum. Now the integration Dφ over the onformal
fator has to be restrited to those onformal fators whih desribe Regge
geometries. For spherial topology, to whih we onne the disussion here,
there are no Teihmuller parameters and one an hoose a unique bakground
metri g^. Menotti et al. adopt the usual way of a stereographi projetion
of the pieewise linear surfae on the plane with g^µν = δµν [110℄. Then the
onformal fator for pieewise linear geometries an be parametrized as
eφ = e2λ0
V∏
i=1
|z− zi|
2(αi−1). (3.44)
Here 2παi is the angular aperture at the vertex i while the zi are the oordi-
nates of the singularities in the omplex plane. The sum of the deit angles
1− αi has to equal the Euler harateristi,
V∑
i=1
(1− αi) = 2, (3.45)
that means that αV an be expressed by the other angles. λ0 is an overall sale
fator. Note that this parametrization simply stems from a generalization
of the ommon Shwarz-Christoel mappings whih map the omplex upper
half plane to an arbitrary polygon [111℄. One advantage of this parametriza-
tion over a parametrization via link lengths is that there are no triangle
inequalities.
Due to the presene of six onformal Killing vetors, ompare setion
1.2.2, the gauge xing is not omplete and the onformal fator φ is invariant
under an SL(2,C) transformation given by
z ′ =
az+ b
cz+ d
, ad− bc = 1, a, b, c, d ∈ C. (3.46)
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A short alulation gives
φ ′(z ′, λ0, zi, αi) = φ(z ′, λ ′0, z
′
i, αi), (3.47)
with
λ ′0 = λ0 −
V∑
i=1
(1− αi) log |czi + d|. (3.48)
Geometrial invariants as the angles αi and the area
A = e2λ0
∫
d2z
V∏
i=1
|z − zi|
2(αi−1)
(3.49)
are invariant under the transformation (3.46). A ounting shows, that as
in the usual parametrization in Regge alulus there are 3V − 6 dynamial
degrees of freedom.
To ompute the Fadeev-Popov determinant for these onformal fators
one employs the same tehniques as in the ontinuum. Namely one omputes
the hange of
log
det
′(P+P)
det〈ωa, ωb〉V (3.50)
under a variation of the parameters λ0, zi and αi and integrates the result
bak. One gets [94℄:
log
√
det
′(P+P)
det〈ωa, ωb〉V = (3.51)
26
12
{∑
i,j6=i
(1− αi)(1− αj)
αi
log |zi − zj| + λ0
∑
i
(αi−
1
αi
) −
∑
i
F(αi)
}
.
This is the disretized form of the Liouville ation. In the limit V → ∞
it approahes the ontinuum Liouville ation. The funtion F depends only
on the angles αi. For V → ∞, ∑Vi=1F(αi) goes to a topologial invariant.
The disretized Liouville ation is invariant under the SL(2,C) transforma-
tion (3.46). Indeed, it has been shown in [112℄ that this invariane indued
by the onformal Killing vetors is suÆient to derive the form (3.51) of
the Liouville ation up to the sum over the F(αi). Note that the disretized
Liouville ation is strongly unloal. Overounting of equivalent loally at
geometries is avoided by expression (3.51). Indeed, an angle αi = 1 simply
does not ontribute to (3.51).
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The integration measure for the onformal fator is dened by the salar
produt ds2 =
∫
d2z eφ δφδφ. The hange to the variables (q1, . . . , q3V) =
((z1)x, . . . , (zV)y, λ0, α1, . . . , αV−1) involves a Jaobian:
Deφδµνφ =
V∏
i=1
d2zi
V−1∏
j=1
dαjdλ0
√
det J, (3.52)
whih is given by the determinant of
Jij =
∫
d2z eφ
∂φ
∂qi
∂φ
∂qj
, (3.53)
with the onformal fator φ dened by (3.44). The diagonal entries Jii for
i = 1, . . . , 2V of this matrix require some regularization. The expliit form of
the measure is unfortunately unknown even for the simplest geometries whih
makes the approah presently inaessible for numerial tests. While it has
been possible to extrat the dependene of the Jaobian on the sale fator
λ0, almost nothing is known about the other variables. It is an interesting
open problem to show that the onformal anomaly arises from this measure.
3.4.3 Conlusion
We have shown that in two-dimensional quantum Regge alulus the expe-
tation value of a suitable power of a single link length diverges. No natural
sale is set by the measures (3.23) or (3.14). Even if the total area is kept
bounded from above, the probability of having arbitrary large link lengths is
not exponentially suppressed. In two-dimensional quantum gravity however,
the probability of having two points separated a distane R is exponentially
suppressed as e−R
√
Λ
for a given osmologial onstant Λ and suppressed as
e−R
4/3/V1/3
if the area V of spaetime is xed. That means, that quantum
Regge alulus in two dimensions does not provide a formulation of quantum
gravity. In addition, the mere existene of the partition funtion depends
ruially on the hosen measure as well as on the hosen xed triangulation.
Clearly, this is a severe problem: if quantum Regge alulus was a realis-
ti theory, these mirosopi details should be unimportant and not aet
physial expetation values.
Furthermore, we have shown that in four dimensions spikes have been
observed in numerial studies of quantum Regge alulus. Numerial inves-
tigations demonstrate that also in four dimensions the results do depend
ruially on the underlying triangulation and on the measure. Thus our
onlusion in four dimensions is the same as in two dimensions: Quantum
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Regge alulus does not provide a theory of quantum gravity. A sensible
ontinuum limit annot be dened. Not even the onept of length an be
dened unambiguously.
Conlusion
In this work we have analyzed the fratal struture of two-dimensional quan-
tum gravity. A entral result is that the spetral dimension equals two for all
types of onformal matter with entral harge smaller than one oupled to
gravity. Other aspets of the fratal nature of the spaetime have been intro-
dued and disussed suh as the extrinsi and intrinsi Hausdor dimension,
the branhing ratio into minimal bottlenek baby universes and the saling
of the two-point funtion. We have ompared our results with the latest
numerial data. Numerial simulations are performed in the framework of
dynamial triangulation. We have disussed this method and illustrated its
power by a omputation of an exat expression of the two-point funtion in
two-dimensional quantum gravity. Furthermore we have disussed quantum
Regge alulus whih has been suggested as an alternative disretization of
quantum gravity. We have shown that this theory does not provide a suit-
able disretization of quantum gravity sine it disagrees with the ontinuum
results. This point onstitutes another entral result of this work.
There are several open questions whih have to be addressed in future
work. It would be very interesting to develop a method whih would allow
the solution of Liouville theory. More modestly, the omputation of the
geodesi distane or similar geometrial objets would be interesting. The
derivation of the intrinsi Hausdor dimension is not very well understood.
An alternative derivation of this result would provide further insight into the
theory. Related to this is the question, why the fratal dimension seems to
equal four for unitary matter oupled to quantum gravity in two dimensions.
Of ourse the nal triumph would be an analogous analysis of the fratal
properties of the quantum spaetime of four dimensional quantum gravity in
the ontinuum approah and in the disretized approah.
While this work settles the question about the viability of quantum Regge
alulus in its present formulation it would be interesting to develop dierent
shemes to disretize quantum gravity. We have disussed one possibility
in hapter 3. It would be interesting to study further properties of this
approah.
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